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MATHEMATICAL INSTRUMENTS 


FOR USE WITH 


A PRACTICAL AND THEORETICAL GEOMETRY 
FOR SCHOOLS. 


By, H. ARMITSTEAD, B.Sc. 


SETS OF MATHEMATICAL INSTRUMENTS. 
Longmans’ Four Anna Set of Mathematical Instrumgnts.— 
In box. Contents :— 

A compass, to take a lead pencil and a divider point. A pen®il for the 
same. A divider point for the compass. A piece of india-rubber. A 
set-square 45°. A set-square 60°. A six-inch ruler, divided into inches 
and tenths on one side and centimetres and millimetres on the other side, 
with protractor on back. 

Longmans’ Twelve Anna Set of Mathematical Instruments. 
In tin box. Contents :— 

Pair of compasses for use with pencil, and also as a divider ; pencil fitted 
to compass; tin protractor; tin set squares 45° and 60°; 6-inch rule 
marked in inches and tenths, and millimetres and centimeties ; pair of 
scissors. 

Longmans’ Rupee Set of Mathematical Instruments.—In tin 
box. Contents :— 

A 6-inch brass compass to take an ordinary lead pencil. A pencil fitted to 
above. A nickel protractor. <A nickel set-square 45°, marked in inches 
along two edges. A nickel set-square 60° marked in inches along two 
edges. A 6-inch polished rule, marked in inches and tenths along one 
edge, and in millimetres along the other edge. 

Longmans’ Cambridge Set of Mathematical Instruments.— 
In tin box. Contents :— Price, Rs. 1-1. 

A 4-inch round-legged bow compass, with patent nut, to take any size of 
lead pencil up to the ordinary size. An H.I1.H. pencil fitted to above. A 
pair of 4-inch round legged needle-point dividers, with petege nut. A 33?- 
inch semi-circular protractor, nickelled both sides, marke ‘* degrees. 
A 4-inch nickel set-square, 45°, marked in inches and eighths ‘long one 
edge, and inches and tenths along the other edge. A 5-inch nickel set- 
square, 60°, marked in inches and eighths along one edge, and inches and 
tenths along the other edge. A 6-inch polished boxwood rule, marked 
in inches and tenths along one edge, and in centimetres and millimetres 
along the other edge. A pair of scissors. 


Mathematical Instruments Sold Separately. 


, LONGMANS’ RULERS. 
6” ie es iz. As. 5adozen; Rs. 3-0 a gross. 
9” Set 7 she Er ae ; eS » 46 Fe 
12" (with a protractor) jy Ae - , 8-8 of 
Longmans’ Nickel 9-inch Ruler (English and Metric).—Marked 
in inches, tenths, twelfths, and sixteenths ; and in decimetres, 
centimetres, and millimetres, each As. 2; per dozen, Rs. 1-3. 
Longmans’ “ Cambridge” 12-inch Ruler (English and Metric). 
—Marked on one edge in inches and tenths; marked on the other 
edge in decimetrés, centimetres, and millimetres ; and with a 
protractor ; each An. 1; per dozen, As. 11 ; per gross, Rs. 8-0. 


LONGMANS’ RULERS—continued. 

Longmans’ English and Metric 12-inch Ruler.—Marked 

one edge in inches, eighths, tenths, and twelfths ; marked 

the other edge in centimetres; and with a protractor; e 

An. 1; per dozen, As. 11; per gross, Rs. 8-0. 
— 


LONGMANS’ SET-SQUARES. 


Rs 
Set Squares, 7 ee a ... each As. 1; per doz. O 
5” side, 60° igs eens ee: | a 0 

Nickel Set Squares, marked in 
5” side, @0° . .; ¥ oa a 1 

e a 3 marked in 


4” side, 45°... 3) See > 1 


LONGMANS’ PROTRACTORS. 


Nickel Protractor No. 1, each As. 1; Per doz. As. 
marked in 5 and 10 degrees. 

Ps ze No. 2, each As. 2. Per doz. Rs. 1 

marked in degrees. 


LONGMANS’ COMPASSES. 


Longmans’ Primary ... ... Rs, 0-10a doz. ; Rs. 7-Oa gr 
As. le 

se Lower Secondary... ,, 1-4 ., Rs. 14-Oaegr 

As. 2e 

‘3 Upper Secondary... ,, 3-12 ,, Rs. 45-Oagr 

As. 5e 


e@e LONGMANS’ TRACING PAPER. 
Tracing Paper in sheets, 65" x 8” banded in packets of 


24 sheets, per packet... ee bes ‘se “nk A 
LONGMANS’ DIVIDERS. 
each, per dozen. per 
No. As. p. Rs. as. Rs. 
1. Needlepoint, 4’’, round legs ix 3 6 2 "0 24 
2. 3 4", brass ... ~~ 3S 6 4- 210s Bi 
3. " 5", ae & BO" SB AO 
LONGMANS’ PENQILS’ 
Longmans’ Al Pencils ... .. As?Sa ozen ; Rs. 2-0 a-¢ 
a Paternoster a Hees, * 240 © 
a Horaby, No.1 A. Gea 58; o3 Rae 
33 $3 No. 2 * ss ie o¢ 9 “ss 1-0 oo 
Re a . A! 
LONGMANS’ SCISSORS, = -8 
Scissors per pair an ; ar. 2 eee 


- superior quality per pair .., a Tota A 
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Tuts book has been prepared to provide an introduction to 
Practical and Theoretical Geometry for those who are just 
commencing the subject. It will be specially helpful to the 
students who are preparing for the Calcutta University 
Matriculation Examination. ‘Though it has been written with 
a view of meeting the new requirements of the Calcutta 
University, it will be found to be just as suitable for the 
Madras University Matriculation Examination, the Oxford 
and Cambridge Locals, etc. 

An attempt has been made in writing the book to make 
the subject a little more practical and interesting than is 
usually found to be the case in elementary books,on Geometry. 

The innovation is the prominence given to the logical 
arrangements of the exercises. Great attention has been paid 
to the advisability of treating the subject inductively as far 
as possible. The pupils are led to discover geometrical truths 
which they prove later. Each theorem is introduced by experi- 
mental work, so that the pupils may wholly realize the truths 
dealt with. 

Part I. of the Geometry includes roughly the whole of 
Euclid Book I. 

Part II. is divided into Books II. and III. In Book II. 
the order of the theorems agrees generally with the order of 
those of Euclid Book II., but differs very much from them in 


s -_* s ~ 
a. 
rad Wert? + # ve Preface 


Le. me ee » 


= treatnant throvgh’ the use of hypothetical constructions. Book 
= esl III. Gontains the gist of Euclid Book III., which has had a 
‘ Pomees of unnecessary propositions deleted from it. 
ie”. As in-Part I:, prominence has been giveh to the logical 
Ntonpprtong or exercises, and to the introduction of theorems 
¥zexpeYmental work, so that the geometrical truths may be 
fully realiged. 


The Author will welcome any corrections. 
H. ARMITSTEAD. 


PRESIDENCY COLLEGE, CALCUTTA, 
September, 1908. 
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Necessary Instruments. 


1. A ruler graduated in inches and tenths of an inch, and 
also in centimetres and millimetres, 

2. Set squares; one with angles of 60° and 30°, another 
with angles of 45°. 

3. A semicircular or rectangular protractor. 

4. A pair of compasses. 

5. Tracing-paper. [Too much stress cannot be laid upon 
the value of tracing-paper. | 

6. A pair of dividers. _ 

7. A hard pencil. 

8. A pair of scissors. 

Throughout this course geometrical truths are dealt with. 
These truths should first be realized by measurement and 
observation. A full record of such work should be kept in 
the scholars’ large drawing-books. ‘The pages of the books 
should be divided into six sections. ‘The figures should be 
clearly drawn and lettered. Zhe conclusions arrived at should 
be written underneath the figures. 

Ideas of dimensions and points, lines and surfaces, should 
first be obtained from consideration and observation of simple 


solids, such as cubes, cones, etc. 


ac Introduction 


Definitions and axioms should only be introduced when 
required. Propositions and exercises should be introduced by 
experimental work, in order that the pupils should fully realize 
the truths dealt with. * 

The proof of a proposition should immediately follow 
the practical exercises bearing upon it. 


SYEBEABUS : 


PRACTICAL. 


Bisection of angles and straight lines. 

Construction of perpendiculars to straight lines. 

Construction of an angle equal to a given angle. 

Construction of parallels to a given straight line. 

Construction of triangles with given parts. 

Division of a straight line into a given number of equal parts. 

Construction of a parallelogram equal to a given triangle, and having 
one of its angles equal to a given angle. 

Construction of a triangle equal in area to a given rectilineal figure. 

Construction of a tangent to a circle. 

Easy extensions of these constructions may be given as problems. 

Candidates may be required to give the reasons for any particular 
construction involved in any question, 


THEORETICAL, 
Angles at a Point. 


If a straight line stands on another straight line, the ¢um of the two 
angles so formed is equal to two right angles ; and the converse. 
If two straight lines intersect, the vertically opposite angles are equal. 


Parallel Straight Lines. 


If a straight line, cutting two other straight lines, makes— 
(1) the alternate angles equal, 
(2) two corresponding angles equal, 
(3) the interior angles on the same side of the line supplementary, 
then the two straight lines are parallel ; and the converse. 
Straight lines which are parallel to the same straight line are parallel to 
one another. 


Triangles and Rectilineal Figures, 


The sum of the angles of a triangle is equal to two right angles. 
If the sides of a convex polygon are produced in order, the sum of the 
angles so formed is equal to four right angles. 
Two triangles are equal in every respect— 
(1) If two sides and the included angles of one triangle are respec- 
ely equal to two sides and the included angle of the other. 
(2) If two angles and a side of the one triangle are respectively equal 
to two angles and the corresponding side of the other. 


xii Syllabus 


If two sides of a triangle are equal, the angles opposite to these sides 
are equal; and the converse. 

Two triangles are equal in every respect if the three sides of one triangle 
are respectively equal to the three sides of the other. 

Two right-angled triangles are equal in every respect if they have their 
hypotenuses equal, and one side of the one equal to one side of the other. 

If two sides of a triangle are unequal, the greater side has the greater 
angle opposite to it ; and the converse. 

Any two sides of a triangle are greater than the third. 

Of allehe straight lines that can be drawn to a given straight line from 
a given point without it, the perpendicular is the shortest. 

The opposite sides and angles of a parallelogram are equal; each 
diagonal bisects the parallelogram, and the diagonals bisect one another. 

If there are three or more parallel straight lines, and the intercepts 
made by them on any straight line that cuts them are equal, then the 
corresponding intercepts on any other straight line that cuts them are equal. 


Areas. 


Parallelograms on the same or equal bases, and of the same altitude, are 
equal in area. 
__ Triangles on the same or equal basis and of the same altitude are equal 
in area. 

Equal triangles on the same or equal bases are of the same altitude. 

Illustrations and explanations of the geometrical theorems corresponding 
to the following algebraical identities— 


katd+ec)... hkhatkhb+tike. 


(a+ 0)? = a(a + 6) 4+ d(a + 4) 
a(a + 6) = a? + ab 
(a + 4)? = a? + 2a +4 @ 
(a — 6)? = a? —2ab4 2 
® a’ — l? = (a+ d)\(a — 3B) 


e 
The square on a side of a triangle is greater than, equal to, or less than 
the sum of the squares on the other two sides, according as the angle 
contained by those sides is obtuse, right, or acute. The difference in the 
cases of unequality is twice the rectangle contained by one of the two sides 
and the projection on it of the other. 


Loci. 


The locus of a point which is equidistant from two fixed points is the 
perpendicular bisector of the straight line joining the two fixed points. 
The locus of a point which is equidistant from two intersecting straight 


lines consists of the pair of straight lines which bisect the angles between 
the two given lines, 


The Circle, 
A straight line drawn from the centre of a circle to bisect a chord which 


is not a diameter is at right angles to the chord; 
; : ; ; conversely, the perpen- 
dicular to a chord from the centre bisects the chord, é: a 


Syllabus xiii 


There is one circle, and one only, which passes through three given 
points not in a straight line. 

In equal circles (or in the same circle) (1) if two arcs subtend equal 
angles at the centre they are equal; (2) conversely, if two arcs are equal, 
they subtend equal angles at the centre. 

In equal circles (or in the same circle) (1) if the chords are equal they 
cut off equal ares ; (2) conversely, if two arcs are equal, the chords of the 
arcs are equal. / 

Equal chords of a circle are equidistant from the centre; and the 
converse. e 

The tangent at any point of a circle is perpendicular to the radius 
through the point. 

If two tangents are drawn toa circle from an external point (1) they 
are equal ; (2) they subtend equal angles at the centre of the circle. 

If two circles touch, the point of contact lies on the straight line through 
the centres. 

The angle which an arc of a circle subtends at the centre is double that 
which it subtends at any point on the remaining part of the circumference. 

Angles in the same segment of-a circle are equal ; and if the line joining 
two points subtends equal angles at two other points on the same side of it, 
the four points lie on a circle. 

The angle in a semicircle is a right angle; the angle in a segment 
greater than a semicircle is less than a right angle ; and the angle ina 
segment less than a semicircle is greater than a right angle. 

The opposite angles of any quadrilateral inscribed in a circle are 
supplementary ; and the converse. 

If a straight line touch a circle and from the point of contact a chord be 
drawn, the angles which this chord makes with the tangent are equal to the 
angles in the alternate segments. 

If two chords intersect either inside or outside the circle, the rectangle 
contained by the parts of the one is equal to the rectangle contained by 
the parts of the other. 

Each question on Theoretical Geometry shall consigt of a theorem 
contained in the above schedule together with an easy deduction. 

Any proof of a proposition shall be accepted, which appears to the 
Examiners to form part of a systematic treatment of the subject, but proofs 
of theorem should, as far as possible, be based on first principles ; the order 
in which the theorems are stated in the above schedule is not to be regarded 
as essential. 

In the proof of theorems and deductions from them, it shall be 
permissible to use hypothetical constructions. 

The ordinary symbolical abbreviations may be used. 


The above syllabus is prescribed for the Calcutta University Matricu- 
lation Examination. To meet the requirements of the Madras University 
Matriculation Examination, the following theorems have been added :— 


Areas, 


Illustrations and explanations of the geometrical theorems corresponding 
to the following algebraical identities— 

(1) (a+ 6)? — (a — 6)? = gab. 

(2) (a + 4)? + (a — db)? = 2a? + 202, 


XIV Syllabus 


Loci. 


(3) The locus of the vertices of all triangles, which have the same base 
and the sum of the squares of their sides equal to a given square, is a circle 
having its centre at the middle point of the base. 

(4) The locus of the vertices of all the triangles, which have the same 
base and the difference of the squares of their sides equal to a given square 


is a straight line perpendicular to the base. 
(5) The locus of the vertices of all the triangles, which have the same 


base and their vertical angles equal to a given angle, is the arc of a segment 
of a circle. « 


PRACTICAL AND 


THEORETICAL GEOMETRY: 


BOOK I 


EXERCISES ON STRAIGHT LINES. 


I Es. 
A A B Cc D 
The path traced out by the 
point A is 
3 4. 
A? eee D «ELSA : s , | F 
> a] | | a is ies ee Se 
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Bitror = Chis =| error = “Chm 
* =e Ss 
5 6. 
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a! | 
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My ruler is The freehand is 


2 Practical and Theoretical Geometry. 


LINES. 
Practical Exercises on Straight Lines. 


(1) Draw the path traced out by any point when moved 2” in 
any direction. . 
What does the point trace out ? 


(2) Take four points, A, B, C, D, in order, and, as far as you can 
judge, in the same straight line. : ,; 

Find out whether they are in a perfect straight line by 
measuring the lengths of AB, BC, CD, AD, and seeing whether 
AD is equal to the sum of the lengths AB, BC, CD, AD. 


(3) Draw any straight line of not less than 2” ; divide it unequally 
into four parts. 

Measure the parts, and tabulate your results. 

Test the correctness of your result by measuring the whole line. 


(4) Repeat the last exercise, but dividing the line into five 
unequal parts. 


(5) Test the accuracy of your straightedge or ruler. 

Draw a straight line AB with your ruler ; quite close to the 
line place your ruler. If zo space is seen between the ruler and 
the line, the edge of the ruler is straight. 

Second method.—Take a piece of tracing-paper and make a 
trace of one part of the line on it, and apply it to any other part in 
every possible way, even when the tracing-paper is inverted. 


(6) Drawea freehand line and test its straightness. 


N.B.—In ruling lines with your ruler always draw from left to 
right. 


Exercises. 


(1) Measure in inches and in centimetres the length of a page 
of your book. 


(2) Measure the length and thickness of the desk at which you 
are working. 


(3) Draw a line some five inches long and divide it into 
centimetres. 


(4) Draw a line ; measure its length in inches and centimetres. 
From the two results find how many centimetres there are in an 
inch. 


(5) Find by measurement the actual distance between Calcutta 
and Madras, Calcutta and Bombay, in your atlas, following the 
scale given. 


Practical and Theoretical Geometry. 3 


SURFACES. 
Practical Exercises on Surfaces. 


(1) Draw the figure traced out by a line, AB, 3 cm. long, 
when moved 5 cm. in any direction. 
What does the line trace out ? 


(2) The line AB is rotated about the fixed point A. 
What does the line trace out? 


(3) Draw two intersecting lines, AB, CD, cutting one another 
at E; join AC, CB, BD, DA. 
What do these lines bound ? 


(4) Take any three points A, B, and C, and join them. 
What do the lines enclose ? 


(5) Test whether the surface of your desk is a plane surface. 

Place the edge of your ruler against the surface and see if the 
edge touches the surface all along its length; if it does so in every 
position the surface is plane. 


(6) Is the surface of your setsquare flat ? 


Exercises. 


(1) Test the flatness of your watch. 


(2) Prove by experiment that one of the walls in your room is ~ 
a plane surface. 


(3) See if your reading book is flat. ° 
(4) Is your setsquare perfectly flat ? 


(5) Test the flatness of the upper and lower faces of your 
instrument box. 


ANGLES. 
Practical Exercises on Angles. 
(1) Construct a rectangular or circular protractor the exact size 
of the one you use. 
(2) Make an angle of 45°— 
(a2) Using setsquare. 
(4) Using protractor. 


(3) Make an angle of 135°— 
(a) Using setsquares. 
(0) Using protractor. 


(4) Draw angles of 45°, 75°, 116°, 124°, 180°, with common apex 
and common arm. 


4 Practical and Theoretical Geometry. 


(5) Construct a right angle— 
(a) Using setsquare. 
(4) Using protractor. 
(6) Prove that right angles are equal. : : 
Draw two right angles ABC, DEF ; make a tracing of the right 
angle DEF on tracing-paper, and apply it to the right angle ABC. 
See if the figures coincide, and state your conclusion, 


Exercises. 
(1) Draw two straight lines cutting one another in any position ; 
measure all the angles ; write down their magnitudes. 


(2) With your protractor 
make the following angles :— 

70°, 40°, 33°, 54°, 61°, 127°. 

(3) Place the angles 40°, 


40, ls 4° 54°, 63° adjacent to each other, 
. and measure the whole angle 
63 formed. Verify the result by 


measuring the whole angle. 


(4) Place the angles 60°, 35°, 
45°, 24° adjacent to each other. 


Practical Exercises on Angles. 


(1) From aepoint A draw any three straight lines to form two 
angles. Write down— 
(a) The vertex. 
(6) The common arm. 
(c) The value of each angle. 
(2) The name of the angles. 


(2) From a point C, in a straight line AB, draw any other 
straight line CD ; measure the adjacent angles. 


(3) Draw a straight line CD to stand on a straight line AB; 
measure the angles ; find their sum. 
[Angle BCD is the supplement of angle ACD.] 


(4) Draw an angle of 45°, and then draw its supplement, but 
not adjacent to it, making the arms 2” long. 


(5) Draw a right angle ABC; from B draw any line BD; 
measure the angles now formed ; find their sum. 
[Angle ABD is the complement of the angle CBD.] 


(6) Draw two straight lines AB, CD intersecting at E ; measure 
all the angles. Write down the vertically opposite angles. 
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Exercises. 


(1) From a point A make the two angles 47° and 54° adjacent 
to each other. 


(2) Draw an angle of 65°; then draw its supplement, but 
not adjacent to it, making the arms 4°7 cm. long. 


(3) Draw two straight lines cutting one another in any*position ; 
measure all the angles. 


(4) Construct an angle of 34°; then draw its complement not 
adjacent to it, making the arms 2°4” long. 


DEFINITIONS. 


A point is that of which there is no part. 

A point is that which has position but no magnitude. 

A line is that which has length but no breadth. 

If a point moves it traces out a line. Thus it can be seen 
from the definition of a point that a line has no breadth or 
thickness ; it has only length. 

The extremities of lines are points. 

When the two extremities of a line are fixed, the line is 
said to be finite, or limited; when one or both 


extremities are not fixed, the line is said to be D B 
infinite, or unlimited. : 

Lines cut one another in points, unless they E 
overlap. The line AB cuts the line DC at the 
point E. A C 


Properties of a straight line— 

(2) It is fixed by two points; ze. if two points of it are 
fixed. 

(4) It is fixed by a point and direction. 

(c) It has the same direction at all points. 

The following will serve as definitions of a straight 
line :— 

(1) A straight line is one such that only one of its kind can 
pass through two given points. 

(2) A straight line is said to be one of unvarying direction. 

(3) A straight line is the shortest distance between two 


points. 
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From (1) note that— 

(2) Two straight lines cannot intersect at more than one point. 

(6) Tf two straight lines coincide at two points they must 

coincide throughout. 

If a line be not straight it is called a curved line. A curved 
line is one of varying direction. A line made up of a number 
of straight lines in different directions is zo¢ to be confounded 
with a curved line. 


\VASS NW we 


A line equals a straight line in cases where no misunder- 
~ standing can arise. 
A surface is that which has length and breadth, but not 
thickness. 
A surface may also be defined as the boundary of a solid 
figure, or the boundary between two divisions of space. 
If a line moves in space it traces out a surface. 
The boundaries of a surface are 
B lines. 
A boundary is that which is the 
limit of anything. 
Two surfaces intersect in a line, 
e.g. the planes A and B intersect in 
the straight line CD. 
Properties of a plane surface— 
(a) It is fixed by a straight line and a point. 
(2) It is fixed by two intersecting straight lines. 
(c) It is fixed by three points. 
A plane surface is one such that only one of its kind can 
pass through three given points, or 
A plane surface is one in which any two points being 
taken, the straight line between them lies wholly on that 
surface. 
If the straight line be produced indefinitely on both sides, 
it will lie wholly on that surface. 
A plane surface is often briefly referred to as a plane. 
If a surface be not plane, it is said to be curved. 
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Suppose a straight line to start from C 
the position AB, and to rotate about the 
point A in the direction shown by the 
arrowhead till it occupies the position AC ; 
then the rotating line is said to have traced 
out the angle BAC. 

An angle is the inclination of two A : RB 
straight lines, which meet together, but 

are not in the same straight line. 

C The point at which straight lines meet 
is called the vertex of the angle; the 
straight lines themselves, AB, BC, the 
arms of the angle. 


Angles 
| 


| | | | 
Straight Obtuse Right Acute 


B A 


When the lines enclosing the angle are straight, the angle 
is called a rectilinear angle. 

Two angles are said to be adjacent when they have a 
common vertex, a common arm, 
and do not overlap. D C 

The angles ABC, CBD are 
adjacent, having B as common 
vertex and BC as common arm. 

Suppose a straight line to 
start from the position BA, and B A 


to rotate about the fixed point B 
in the direction shown bythe 


C arrowhead until it lies in the 
position BD, where it is 
straight with its initial posi- 

tion, but in the opposite 

direction, then the angle 

D B A traced out by the rotating 
line is a straight angle. 

If the two arms of an angle lie in the same straight line 
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then the angle formed by them on either side is called a 


straight angle. 


B Cc A 


A straight angle is equal to two right angles. 
When a straight line standing 


D on another straight line makes the 
adjacent angles equal to one an- 
other, each of the angles is a right 
angle. The straight line which 
stands on the other is called a per- 

B C A pendicular to it. 
A right angle is half a straight angle. 
All right angles are equal, as may 
C be proved by superposition. 

An obtuse angle is an angle greater 
than a right angle, but less than two right 
angles. 

RB A Anacuteangle is an angle C A 
which is less than a right angle. 
If two angles be together equal to two right 
angles, they arg said to be supplementary, 7.c. each 
is supplementary to the other. 
A If two angles be together B 
equal to a right angle, they are said to be 
complementary, z.c. each is a complement of 
@) the other. 
When two straight lines intersect one 
D another, the opposite angles so formed are 
C called vertically opposite angles. 
The angles AOB, DOC are vertically opposite angles. 
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SOLIDS. 
The Forms of Simple Solids. 


Ce 


Cube. Rectangular Prism. 
Triangular Prism. Cylinder, 
Cone. Tetrahedron. Sphere. 


Construction of Models of Solid Figures. 


Cube.—On a piece 
of white paper draw 
the following figure :— 
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Cut out the figure and fold,about the dotted lines. Gum the 
edges. 

Rectangular Prism.—Construct the following figure, and 
fold about the dotted lines. 


Triangular Prism.—Draw the following diagram. Cut 
out and fold along the dotted lines. 
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Cylinder.—Draw a rectangle 3 in. by 4 in. Cut it out and 
fold to form a cylinder. 


A 4" C 
Cs 
a 
B D 


Cone.—Draw a circle ABC. Cut out the portion DAB and 
fold as in diagram, 


oa ie -.C 
Z Ss 
% \ D 
/ 
/ \ 
’ \ 
(2 \ 
| 
\ 
a / 
N yy 
-) 
| oe AB 
B 2 


Tetrahedron.—Construct four equilateral triangles, as 
shown in figure, and fold about the dotted lines. 

The sofids should be carefully examined in respect to— 

(a) The number of faces. 


(4) The kinds of faces. 

(c) The opposite faces (where 
possible). 

(2) The number of edges. 

(ec) The number of faces meeting 
at each vertex. 


(7) The number of vertices, etc. 
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ANGLES AT A POINT. 
Practical Exercises introducing Theorem l. 


(1) Draw any straight line CD standing on another straight 
line AB ; find the sum of the two adjacent angles so formed. 


(2) Draw a similar figure as in question (1); measure the 
adjacent angles ; find their sum. What do you observe ? 


(3)i ber ‘any two straight lines AB, CD intersect one another at 
O; measure all the angles formed, and find their sum. What do 
you notice ? 

(4) Draw any three straight lines AB, CD, EF intersecting one 
another at O; measure the angles; find their sum and write 
conclusion. 

(5) From a point O draw three straight lines OA, OB, OC; 
measure the angles so made and find their sum, when no two of 
the angles overlap. 


(6) From a point O draw any number of straight lines you 
like ; measure the angles contained by them ; find the sum of the 
angles, when no two of them overlap ; and give your conclusion. 


Practical Exercises introducing Theorem 2. 


(1) From a point C draw two adjacent angles ACD, DCB equal 
to two right angles. Are the outside arms AC, CB in the same 
straight line? [See Exercise 5, p. 2.] 


(2) Repeat the above exercise, taking taking angles 45° and 
135°, 60° and 120°. State clearly your conclusion. 


(3) Fronta point O in a straight line AB, straight lines CO, 
OD are drawn on opposite sides of AB, making angle AOD equal 
to angle BOC; prove that COD is a straight line, using tracing- 
paper. 

(4) From a point O in a straight line AB, straight lines CO, OD 
are drawn at right angles on opposite sides of it; prove that COD 
is a straight line. 

(5) From a point O in a straight line AB, OC, OD are drawn 
on opposite sides of AB, so that the angle AOC equals the angle 
BOD ; prove that COD is a straight line, using tracing-paper. 

(6) Draw a figure similar to the one in the diagram with the 
arms OB, OB, OC, OD, etc., radiating from the point O; so that 
angle FOH equals angle EOG ; angle GOC equals angle BOH, 
and so on; prove that EOF, BOC, AOB, HOG are straight lines. 


Practical Exercises introducing Theorem 3. 


(1) Draw two straight lines AB, CD intersecting one another 
at O and making the angle AOD 85°. Name the vertically opposite 
angles. 
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(2) Draw any two straight lines AB, CD cutting one another 
at O. Measure the vertically opposite angles. 


(3) Repeat Exercise 2. What do you observe about the 
vertically opposite angles ? 


(4) Two straight lines AOB, COD intersect at O. If the angle 
DOB is 63°, what are the other angles? Give the answers obtained 
by (2) calculation ; (6) measurement. 


(5) Repeat experiment 4, making the angle DOB 54°. 


(6) Make an angle AOB equal to 64°; produce AO to C and 
BO to D. Measure all the angles. Do they agree with your 
calculations ? 


Practical Exercises. 


(1) Draw a straight line standing on another straight line, 
measure the adjacent angles; repeat this exercise three times, 
placing the lines in different positions. Find the average of the 
angles formed in each case. What do you infer ? 


(2) Draw three straight lines AB, AC, AD cutting one another 
at O. Measure the angles formed and find the average value. 


(3) From a point draw any number of straight lines; measure 
the angles thus formed. What is their sum? 


(4) Two straight lines AOB, COD intersect at O; if angle 
DOB is 75°, what are the values of the other angles ? 


- (5) Make an angle ABC of 45°, and produce the line AB 
through Bto E. What is the value of the angle ChE? 


THEORETICAL GEOMETRY. 


In theoretical geometry we have to make use of certain 
principles which need no demonstration, as they are so self- 
evident. These self-evident truths are called axioms, and 
serve as a foundation for future reasoning. 

Characteristics of an axiom — 

(2) Self-evident. 

(4) Incapable of proof or reduction to anything simpler. 

(c) Fundamental in the conception of space. 

An axiom may be defined as a self-evident truth which 
needs no demonstration. 

Axioms are of two kinds— 

(z) General axioms, which apply to magnitudes of all kinds. 
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(4) Geometrical axioms, which apply only to geometrical 
magnitudes. 

The following are general axioms :— 

(x) Things which are equal to the same thing are equal to 
one another. 

(2) If equals be added to equals, the wholes are equal. 

(3) Ifequals be taken from equals, the remainders are equal. 

(4) If equals be added to unequals, the wholes are unequal, 
the greater sum being that which includes the greater of the 
unequals. 

(5) If equals be taken from unequals, the remainders are 
unequal, the greater remainder being that which is left from 
the greater of the unequals. 

(6) Things which are double of the same thing, or of equal 
things, are equal to one another. 

(7) Things which are halves of the same thing, or of equal 
things, are equal to one another. 

(8) The whole is greater than its part. 


GEOMETRICAL AXIOMS. 


(9) Magnitudes which can be made to coincide with one 
another are equal. 

(10) Two straight lines cannot enclose a space. 

(11) All nght angles are equal. 


DEFINITIONS. 


Plane geometry treats of the properties of lines and figures 
drawn on a plane surface. 

Geometry is divided into a number of discussions of 
relations between parts or determination of parts of a plane 
figure. The statements of these relations or determinations 
are termed “ Propositions.” 

There are two kinds of propositions— 

(a2) Problems. 
(0) ‘Theorems. 

A problem requires some geometrical construction to be 

done. 
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The initial letters Q.E.F. of Quod Erat Faciendum (which 
was to be done) are placed at the end of a problem. 

A Theorem makes an assertion, the truth of which it 
proceeds to prove. 

The initial letters Q.E.D. of Quod Erat Demonstrandum 
(which was to be demonstrated or proved) are placed at the 
end of a theorem. : 

In a theorem— 

(1) The enunciation is the formal assertion of the theorem. 

(2) The hypothesis is the relations assumed. 

(3) The conelusion is the relations proven. 

A corollary is an inference arising naturally from the 
discussion of a proposition. 

A postulate is a single requirement of simple construction 
necessary for the construction of figures. £.g. let it be 
granted— 

(1) That a straight line may be drawn from one point to 
any other point. 

(2) That a terminated straight line may be produced to 
any length in a straight line. 

(3) That a circle may be described with any point as 
centre, and with any finite straight line as radius. 


) 


ABBREVIATIONS. 

The following abbreviations are allowed of :— 

.”. therefore. 1 perpendicular to, or right 
*., because. angles to. 

= is, or are, equal to. > is greater than, greater than. 
|| is parallel. < is less than, less than. 

L angle. © circle. 
A triangle. © circumference. 
rt. Z right angle. CJ™ parallelogram. 


Other contractions are pt., rect., sq., opp., adj., sim’”, etc., for 
point, rectangle, square, opposite, adjacent, similarly, etc. 

Hints.—(1) Draw bold figures. 

(z) Use Roman letters. 

(3) Always give brief statement or reference denoting the 
property of the proposition used. 
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ANGLES AT A POINT. 


Theorem l. 


Lf a straight line stands on another straight line, the sum of 
the two adjacent angles so formed is equal to two right angles. 


E 


A C B 


Let the straight line CD meet the straight line AB at C. 
Then / ACD + £ DCB = 2rt. /s. 
CONSTRUCTION.—From C draw CE at rt. Zs to AB. 
Proor.— PACD = / ACE + / ECD. 
To each add Z DCB. 
-. LACD+ £DCB =/ACE+ £ECD + 4 DCB 
= /ACE+ / ECB 
=2 rt. Zs(constr.) Q.E.D. 


CoROLLARIES.—(1) If two or more straight lines intersect 
at the same point, then the sum of the angles so formed is four 
right angles. 

(2) If any number of straight lines radiate from a point, 
the sum of the angles so formed is four right angles, providing 
that no two of the angles overlap. 
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Theorem 2. 


Lf the sum of two adjacent angles is two right angles, their 
cuter arms are in the same straight line. 


Let ACD, DCB be 
two adj. 4s, and equal 
to two rt. Zs. 

Then AC, CB are in 
the same st. line. 
Suppose AC, CB be A e B 

not in the same st. line. 

CoNSTRUCTION.—Produce AC to E, so that AC and CE be 
in the same st. line. 

Proor.—’.’ ACE is a st. line 

oe. ACD - 2 DEE = 2 rt. 2s) 
and 4 ACD + LDCB= rt. /s (Hyp.), 
-- £ ACD + £4 DCE= £ ACD+ Z DCB, 
- £ DCE= / DCB, 
.. CE coincides with CB, 
.. AC, CB are in the same st. line. Q.E.D. 


(Theorem 2 is the converse of Theorem 1.) » 


A theorem is said to be the converse of another when 
the conclusion of each is the hypothesis of the other. 


Exercises on 1 and 2. 


(1) If one side of a triangle be produced each way, and the 
exterior angles be equal to one another, show that the angles at 
the base of the triangle are equal. 


(2) Prove that the bisectors of the adjacent angles which one 
straight line makes with another contain a right angle. 


(3) If two straight lines intersect at a point, and one of the 
angles so formed is a right angle, prove that the other angles at 
the point are right angles. 


(4) If from a point O in a straight line AB two straight lines 
OC, OD are drawn at right angles to AB, but on opposite sides of 
it, prove that DOC is a straight line. 
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Theorem 3 


Lf two straight lines intersect, the vertically opposite angles 
are equal. 


‘ D 


C 


Let the two st. lines AB and CD cut one another at E. 
Then— ZL AED = vert. opp. Z CEB, 
and £ DEB = vert. opp. Z AEC. 
Proor.—Z AED + 4 DEB = 2 rt. Zs (I. 1). 
i DEBS]. GEsB = 21. 
—- 1. AED = 77. DEB = £ DEES 7 GES. 
Take away common / DEB; 
.. remg. 2 AED =remg. Z CEB. 
Sim’: £ AEC = / DEB, 
which are vertically opposite angles. Q.E.D. 


Exercises, 


(1) Let the straight lines AB, CD intersect at O ; then, if the 
angle AOD is bisected by OF, prove that FO produced will bisect 
the angle BOC. 


(2) In the same figure, if the two angles AOD and DOC be 
bisected, prove that the bisecting lines are in one and the same 
straight line. 
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RECTILINEAL FIGURES. 
Practical Exercises on Rectilineal Figures. 


(1) Draw any closed figure you like having more than four sides 
(polygon). Measure the lengths of the sides. Give name to 


polygon. 


(2) Draw a circle ABC, having a distance of 2 in. between the 
legs of the compasses. Starting at any point, divide the circum- 
ference into six equal parts by the compasses, keeping the legs of 
them 2 in. apart. Do ends of compasses come back to initial 
position? Join the points AB,CD, EF. Measure the length of 
the lines in centimetres. What kind of a figure is ABCDE? 


(3) With a distance of I°5 in. between the legs of your com- 
passes divide the circumference of a circle ABC. By trial divide 
the circumference into five equal parts. Join the points as in last 
exercise. What have you constructed ? 


(4) Draw a triangle ABC as large as the division of your paper 
will allow of. Measure the lengths of the sides. Find their sum 
(the perimeter of the triangle). ach << 

co AMES Af co Sy 

(5) Draw a similar figure to 4, and find .its perimeter in centi-” ™ 
metres. YP >. poke ore 

(6) Draw a regular twelve-sided figure; make use-of Exercise 2. 


TRIANGLES’ ..~-- 2 A 


; : PG i | is te 
Practical Exercises on Triangles. © 


(1) Draw a (scalene) triangle having three unequal sides (see 
Problem 7). Name (a) its vertex ; (4) its base. 

(Any side of the triangle may be taken as the base, and then 
the corresponding vertex is the opposite angular point.) 

(2) Describe an equal-sided (equilateral) triangle with com- 
passes only, and test the length of the sides with ruler. 

(3) Construct a triangle (isosceles) having two equal sides from 
the given measurements : AB = 2°5 cm., AC = BC = 46 cm. 

(4) Draw a triangle ABC having a right angle at B. Mark 
the right angle. Note the position of the longest side (hypotenuse). 
Suggest a name for the triangle. 

(5) Construct a triangle ABC having an obtuse angle at C. 
Mark the obtuse angle. Suggest a name for the triangle. 

(6) On a base 3°8 cm. long describe a triangle having three 
acute angles. Give the value of the angles. Suggest a name for 
the triangle. 
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DEFINITIONS. 
Rectilinea] Figures. 


Any portion of a plane surface bounded by one or more 
straight lines is called a plane figure. 

The perimeter of a plane figure is the sum of the lengths 
of its bounding lines. 

The area of a plane figure is the amount of surface enclosed 
by its boundary. 

A rectilineal figure is a plane figure bounded by straight 
lines. 

A triangle is a plane 
figure bounded by three 
straight lines. 


A quadrilateral is a plane 
figure bounded by four straight 
lines. 


e 

A polygon is a plane figure 
bounded by more than four 
straight lines. 

A convex polygon is one 
whose boundary cannot be in- 
tersected at more than two points by a straight line drawn 
across the figure. 

(In a convex figure, if the sides be all produced in the 
same order, then the exterior angles formed are always to the 
same side of the produced sides.) 

Kquilateral rectilineal figures have all their sides equal. 

EKquiangular rectilineal figures have all their angles 
equal, . 

Regular rectilineal figures have all their angles and sides 
equal, 
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An equilateral triangle is a triangle 
which has three equal sides. 

An isosceles triangle 
is a triangle which has 
two of its sides equal. 

A scalene triangle 


is a triangle 


which a 

three 

equal aes 
(The curious word “sca- 


lene” means uneven or irregular.) 


A right-angled triangle is a 
triangle which has a right angle. 
In a right-angled triangle the 
side opposite the 
right angle is 
called the ‘‘hy- 
potenuse.” 

An obtuse-angled tri- 
angle is a triangle which 
has an obtuse angle. 

An acute-angled tri 
angle is a triangle which 
has three acute angles. 


A figure of five sides is called a pentagon. 
- SIX 3 # hexagon. 
2 seven ,, 3 heptagon, 


‘cys 


— 
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A figure of eight sides is called an octagon. 
is nine= sas i nonagon. 
re ten 3 3 decagon. 

A pentagram is a star-shaped five-sided figure in which 
each side is met by all the others without the necessity of 
producing any:side. 

Construction of a pentagram— 

On the circumference of a finely 
D drawn circle take five equidistant 
points, A, B, C, D, E, and join them 
F CG in order, AC, CE, EB, BD, DA. 
A hexa- 
gram is a e D 
six-sided 

A B figure in 

which any Zz C 
side is met by the opposite side, 7.¢. 
fourth in order, counting from that 
side, without the necessity of pro- & B 
ducing any side. 

Construction of a hexagram :— 

On the circumference of a finely drawn circle take six 


equidistant points, A, B, C, D, E, F, and join them thus: AC, 
CE, EB, BF, FD, DA. 


ANGLES OF RECTILINEAL FIGURES. 
Practical Exercises introducing Theorem 4. 


(1) (a) Construct a triangle and produce its sides in order. 
(6) Name the exterior angles. 
(c) Measure the exterior angles and find their sum. 
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(2) (a) eo any quadrilateral you like and produce its sides in 
order. 
(4) Measure and find the sum of its exterior angles. 


(3) (a) mee any five-sided figure and produce its sides in 
order. 
(4) Find the sum of the exterior angles. 


(4) Find the sum of the exterior angles formed by the sides of 
a hexagon produced in order. 


(5) (2) Make a heptagon and produce its sides in order. 
(4) What is the sum of its exterior angles so formed? 


(6) (2) Draw on loose paper any two triangles, and produce 
their sides in order. Cut out the exterior angles so 
formed, and rearrange the angles of each triangle 
side by side with a common vertex, and show that 
the sum of the angles is the same in both cases. 

(2) Repeat the experiment, taking any other rectilineal 
figure. 
(c) Is the sum of the angles the same as in (a)? 


ANGLES OF A TRIANGLE, 


Practical Exercises introducing Theorem 5. 


(1) Construct a triangle ABC and measure its interior angles ; 
find their sum. 

(2) Draw a triangle ABC having AB = 2°4 in., BC = 3'1 1n,, 
and CA =28in. Find the sum of its interior angles. 


(3) (a) Cut out of paper a large triangle AB&. From D 

through the apex A draw A 
a perpendicular AD. 
Fold the triangle about 
the three dotted lines, 
making the angles BAC, 
ACB, and CBA to meet 
at D. 

(4) What is the sum of these 
angles ? 

(c) What do youconclude from B G OD H G 

the above exercises? 


(4) (a) Make a right-angled triangle ABC having the angle 
BAC a right angle. 
(4) Measure its other angles. 
(c) What is the sum of the angles CBA and ACB? 


(5) Draw any triangle ABC; find the value of each interior 
angle ; add any pair of them together. Compare their sum with 
two right angles. 
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(6) Draw an obtuse-angled triangle ABC having the angle 
ABC an obtuse angle. Find by measurement the value of the 
angles BAC, ACB; get their sum. Is the sum greater or less 
than a right angle? 


Practical Exercises on Corollary of Theorem 4. 


(1) (¢@) Draw any triangle ABC and measure its angles. 
(6) What is their sum ? 


(2) (a) Make a quadrilateral, and divide it into two triangles. 
(6) How many right angles are its interior angles equal to? 
(c) Verify your answer by measuring the angles. 
(d) Also verify your answer by drawing the quadrilateral 
figure on loose paper, and cutting out the angles and 
rearranging them, side by side, with a common vertex. 


(3) (2 Construct an irregular pentagon and divide into 
triangles. 
(4) Find the sum of its interior angles. 


(4) (a) Draw a hexagon of any size or shape you wish. 
(4) By dividing the figure into triangles, determine the sum 
of its interior angles. 


(5) (2) Make a heptagon and divide into triangles. 
(6) Get the value of its interior angles. 


(6) (a) Tabulate your results as follows :— 


Figure. ¢ | No. of sides. Method. 


Triangle 3 (3% 2) rt. 2s —41%= 2S =2rt. 25 
Quadrilateral 4 (4X2) it. Ls—4 i es — 24 tt. Ce 
Pentagon 5 | (hee tt. 2s - shee OT Ze 


(6) Hence deduce a rule for finding the value of the interior 
angles of any rectilineal figure. 


Exercises. 


(1) Find the size of each interior angle of— 
(a) regular polygon. 
(6) regular hexagon. 
(c) regular octagon. 
(@) regular decagon. 


(2) Construct a regular hexagon of 2 in. side. 
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(3) (a) If the two angles of a triangle are 55° and 64°, what is 
the third angle? 
(4) Find the magnitudes of the exterior angles formed by 
producing the sides of the above triangle in order, 
and their sum. 


(4) The sum of the angles at the base of a triangle is 142° ; 
their difference is 40°, Find all the angles. 


(5) Three of the angles of a quadrilateral are 54°, 63°, and 75°, 
what is the fourth angle? 


__ (6) The exterior angle of a regular polygon is 60°; how many 
sides has the polygon? 


ANGLES OF A TRIANGLE. 
Practical Exercises introducing Theorem 6. 


(1) (a) Construct a triangle ABC ; produce its sides AB to D. 
(6) Name ‘the exterior angle, and also the two interior 
opposite angles. 


(2) (2) Draw a triangle ABC; produce AB to D. 
(6) Measure the exterior angle CBD and the interior 
opposite angles BAC, ACB. 


(c) Find the sum of the angles BAC, ACB, and compare 
the value of their sum with the value of the angle 
CBD. 


(3) (a) Construct a triangle ABC, and produce CB to D. 
(4) Compare the value of the exterior angle ABD with the 
value of the sum of the two interior opposite angles 
BCA, CAB. 
(c) State what you learn. 


(4) Inthe figure prove by measure- d 
ments what interior and opposite 
angles— 
(a) exterior angle f is equal to. 
d 


(4) ” ”) ” ” 
op Rag he 


(5) (a) In the diagram what e 
angles are equal to the following 
sums ?— 
€l) La +:20: 
(2) Lo6+ 2a 


(3) 26+ Lai 
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(0) What is the value of 
Le+LftcLae 


(6) (a) In the figure what are the sums 
OD intr 
(1) ca+cd. 
(2) 26+ Lf. 
(3) Le ee 
yA (4) La+264 Le. 
(6) From your results determine the 
24 value of the sum of the exterior 
angles d, é, f- 


CONGRUENT TRIANGLES. 


Practical Exercises introducing Theorem 7. 


(1) Construct a triangle, having given the length of the sides 
AB = 2'4 in., AC = 2°8 in., and the included angle BAC = 65° 
(see Problem 8). 


(2) Construct a triangle from the following data: AB = 4°7 cm., 
AC = 5'8 cm., included angle = 74°. 


(3), (4) Draw two triangles having two sides of the one equal 
to two sides of the other, each to each (5*4 cm. and 4:2 cm.), and 
the included angle (57°) equal. 


(5) (@) In space 5 (see Introduction) write down in order as 
eproved by measurement what lines and angles are 
equal. 

(6) What do you conclude from your results ? 


(6) (a) Draw two triangles ABC, DEF, given AB = DE = 54 
cm., AC = DF = 4'7 cm., and the included angle 
BAC 56°. Ona piece of tracing-paper make a trace 
of triangle DEF. Place the triangle DEF on the 
triangle ABC, D on A, E on B, and C on F. 
(6) What do you find ? 


ANGLES OF A TRIANGLE. 


Practical Exercises introducing Theorem 8. 


(1) (a) Construct an isosceles triangle (see Problem 7). 
(6) Measure and write down the value of the angles at the 
base ; compare their value. 


(2) Make an isosceles triangle having its equal sides 6°5 cm. 
long and measure the angles at the base ; compare their value. 
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(3) (@) Draw an isosceles triangle with its equal sides 2°3 in. 
long, and find the value of the angles at the base. 
(6) State simply your conclusion from the foregoing 
exercises. 


(4) (2) Construct any isosceles triangle and produce the equal 
sides below the base. 
(2) Measure the angles on the other side of the base, and 
compare them. 


(5) (@) Make an isosceles triangle with equal sides 5°4 cm. 
long; produce the equal sides below the base ; 
measure the angles formed on the other side of the 
base. 

(6) Write down what you learn. 


(6) Make an equilateral triangle of 2°8 in. sides, and prove that 
an equilateral triangle is equiangular. 


Exercises. 


(1) Construct triangles from the following measurements :— 
AB = 5 cm., BC = 8 cm., included Z 60°. 
Aie—2 4 in., BC = 397m, included £ 747; 
Aiea Go cm., BC = 47 cm., included 2°52". 
(2) Aearain., 2A = 74.25 = 60°. 
Ab o4 cm, LA=s57, 2B = 49°. 
Rie o2cm., “A — 647. 2B = 77°. 
(3) Construct a triangle with base 3°8in. long and base angles 
53° and 86°. : 
(4) An upright pole 13 ft. high casts a shadow 18 ft. long. How 
far from the top of the pole is the extremity of the shadow ? 


(5) A 60-ft. ladder reaches to a height of 45 ft. against a wall. 
How far from the wall is the foot of the ladder? 

(6) Describe an isosceles triangle having its vertical angle 
equal to a given angle. 


SIDES AND ANGLES OF A TRIANGLE. 


Practical Exercises introducing Theorem 9. 


(1) Construct a triangle having the following measurements : 
ZL ABC = 4 BCA = 60° and base BC = 2'7 in. (see Problem 9), and 
find the lengths of AB and AC. What kind of a triangle have 
you made? 

(2) Make atriangle given the following data: 2 BAC= 2 ACB= 
48° and base AB = 5°6 cm. What are the lengths of AC and BC? 
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(3) Construct a triangle from the following measurements ; 
Z ACB = LCAB = 63° and base AC = 63 cm. Compare the 
length of AB with that of BC. 


(4) Ona plain sheet of paper draw a triangle so that its two 
base angles are equal. From the vertex drop a perpendicular line 
to meet the base; cut out the triangle, and fold the triangle about 
the perpendicular. What do you learn? 


(5) Repeat the last exercise, constructing an equilateral triangle. 


(6) Draw an equiangular triangle and prove that it is equi- 
lateral. 


INEQUALITIES OF TRIANGLES. 
Practical Exercises introducing Theorems 10 and 1]. 


(1) Construct a triangle ABC ; measure the angles at the base. 
Which side has the greatest angle opposite to it? 


(2) Prove by measurement that if two sides of a triangle are 
unequal the greater side has the greater angle opposite to it. 


) Draw a triangle ABC and take AC as the base. Which of 
the sides BC, BA has the greater angle opposite to it? What do 
you conclude from these exercises ? 


(4) Construct a triangle ABC having the angle BAC = 64° and 
the angle BCA = 38°. Which of the angles has the greater side 
opposite to it? 


(5) Construct a scalene triangle, and prove by measurement 
that the greafer of the base angles has the greater side opposite to it. 

(6) Make a triangle ABC, given AB = 3in., BC = 2°5 in., CA= 
2in. Opposite which angle is the greatest side? Give conclusion 
drawn from the last three exercises. 


INEQUALITIES OF A TRIANGLE, 
Practical Exercises introducing Theorem 12. 


(1) Construct a triangle ABC. Find the sum of (2) AB + BC, 
(6) BC + CA, (c) CA + AB. 
Compare sum of (a) with length of CA. 
99 ” (0) ” ”? AB. 
”) ” (c) ” ” BC. 
(2) Construct a right-angled triangle ABC, making AB any 
length you like. Complete the exercise as in the first example. 


(3) Construct any isosceles triangle ABC ; find the sum of the 
lengths of any two of its sides, and compare their sum with the 
length of the third side. 
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(4) Repeat Exercise 3, making the base 1o cm., and each of 
the base angles 5°. 


(5) Construct a triangle on the base BC having sides 2°4 in., 
Tin.,and 1*4in. Can youdoso? Ifnot, why? (Show attempt.) 


(6) Construct a triangle with sides 2°8 in., 1°3 in., and 1 in. Show 


attempt. State precisely what you conclude from the above 
experiments. 


Exercises. 


(1) Prove by measurement of a scalene triangle that the differ- 
ence of any two sides of a triangle is less than the third side. 


(2) By construction and measurement show that the sum of 
the distances of any point from the three angular points of a 
triangle is greater than half its perimeter. 


(3) Prove that the perimeter of a quadrilateral is greater than 
the sum of its diagonals. 


(4) If a point be taken inside a triangle, and three straight 
lines be drawn to the angles from that point, the sum of these 
three straight lines shall be less than the perimeter of the triangle. 


(5) Any two sides of a triangle are together greater than twice 
the line drawn from the middle point of the third side to the 
opposite angle. 


(6) ABC is a triangle, and on AB a quadrilateral ADEB is 
constructed wholly within the triangle. Prove that. AC, CB are 
together greater than AD, DE, and EB of the quadrilateral. 


CONGRUENT TRIANGLES. 


Figures are said to be congruent when they can be made to 
coincide. 


Practical Exercises introducing Theorem 13. 


(1) Construct a triangle, having given the base 6°5 cm. and 
two angles at the base 76° and 54° (see Problem 9). 


(2) Construct a triangle from the following measurements: 
the base 4°5 cm., and the base angles 57° and 69°. 


(3), (4) Draw two triangles, having two base angles of the one 
equal to two base angles of the other (53° and 82°), and also their 
bases equal (2°2 in.), 


(5) In space 5 write down in columns all the lines and angles 
that you find equal. What is your conclusion from the results ? 
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(6) Draw two triangles, ABC, DEF, having their bases BC, EF 
each equal to 4°6 cm., and the two angles at the base of the one 
equal to the two angles at the base of the other (48° and 74°). On 
tracing-paper make an exact drawing of the triangle DEF, and 
superimpose it on the triangle ABC. What do you conclude? 


Practical Exercises introducing Theorem 14. 


(1) Construct a triangle, given the length of the sides AB = 
4cm., BC = 5°8 cm., AC =.5 cm. 


(2) Draw a triangle, given AB = 2°4 in., BC = 3°5 in., CA = 
16 in. 

(3), (4) Construct two triangles, ABC, DEF, having three sides 
of the one equal to the three sides of the other, each to each. 


(5) In space 5 write down all the equalities you can find in the 
two triangles. State clearly your conclusions. 


(6) Draw two triangles ABC, DEF having three sides of the 
one equal to the three sides of the other, each to each. On tracing- 
paper copy the triangle DEF,and superimpose it on the triangle 
ABC. What do you observe? 


INEQUALITIES OF TRIANGLES. 
Practical Exercises introducing Theorems 15 and 16. 


(1) Constwuct a triangle ABC, given AB = 5 cm., AC = 6cm., 
and the included angle BAC = 65°, 


(2) Make two triangles, with two sides of the one equal to two 
sides of the other, each to each, but the included angles unequal. 
Compare the remaining side of the one triangle with the remaining 
side of the other. 


(3) Draw two triangles ABC, DEF, having two sides of the 
one equal to two of the other, but the included angles 64° and 45° 
respectively. Compare the lengths of their bases. What do you 
learn? 


(4), (5) Make two triangles, having two sides of the one equal 
to two sides of the other, each to each, but the base of one (6 cm.) 
greater than the base of the other (4°8 cm.). Measure the included 
angles BAC, DEF. What do you observe? 


(6) Draw two triangles ABC, DEF having two sides of the one 
equal to two sides of the other, each to each, but the base of one 
greater than the base of the other. Copy the triangle ABC on 
tracing-paper, and tell what you observe by superposition of the 
traced triangle on the triangle DEF. 
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CONGRUENT TRIANGLES. 
Practical Exercises introducing Theorem 17. 


(1) Construct an isosceles right-angled triangle ABC, using 
setsquares, 


(2) Draw a right-angled triangle ABC. (See Problem 11.) 


(3), (4) Construct two right-angled triangles ABC, DEF having 
their hypotenuses equal (5-4 cm.), and one side of the one equal to 
one side of the other (3 cm.). 


_ (5) Find all the equalities you can in (3) and (4), and tabulate 
in space 5. What conclusion do you arrive at? 


(6) Construct two right-angled triangles ABC, DEF having 
their hypotenuses equal, and one side of the one equal to one side 
of the other. Make a trace on tracing-paper of the triangle DEF. 


What do you gather from superposition of the triangle DEF on 
the other? 


INEQUALITIES. 
Practical Exercises introducing Theorem 18. 


(1) Draw a perpendicular to a straight line AB through a given 
point C without using setsquares. (See Problem 6.) 


(2) Repeat Exercise 1, employing method in Problem 6. 


‘ 
(3) Of all the straight lines that can be drawn to a given straight 
line from a given point outside it, the perpendicular is the shortest. 
Prove by measurement this statement. 


(4) From a given point C outside a given straight line AB, 
draw a number of straight lines—including a perpendicular one— 
to meet the straight line AB. Which is the shortest line? 


(5) Repeat Exercise 4. (a) Which is the shortest line? (¢) How 
do the lengths of the oblique lines vary? 


(6) Draw perpendiculars from a point within an_ equilateral 
triangle on the three sides, and show that their sum is the same 
for all positions. 


Exercises. 
(Draw figures to scale.) 


(1) A vertical pole 55 ft. high is found to cast a shadow 4o ft. 
long. What is the altitude of the sun? 
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(2) A town A is 8 miles south of a town B, and a town C is 11 
miles west of B. How many miles is it from B to C? 


(3) A railway track has a gradient of 1 in 20. Show by diagram 
the angle the track makes with the horizontal, and measure the 
angle. 


(4) A ship is 2'5 miles from a cliff which is 0’5 mile high. Find 
the angular elevation of the top of the cliff as seen from the ship. 


(5) At a point 200 ft. from, and on a level with, the base of a 
tower, the angle of elevation of the top of the tower is observed to 
be 60°. What is the height of the tower? 


(6) A man 6 ft. high stands a distance of 5 ft. from a lamp-post, 
and he observes that his shadow is 18 ft. long. Find the height of 
the lamp-post. 


(7) The angle of elevation of a building on a hill from a place 
due south of it is 60°; and from another place due west of the 
former, and distant 440 yards from it, is 45°. What is the height 
of the building? 


(8) A 45-ft. ladder reaches to a height of 30 ft. against a wall. 
How far from the wall is the foot of the ladder? 


(9) A ladder leans against a wall. The bottom part of it is 
25 ft. from the wall, and the top of it touches the wall 20 ft. from 
the ground. Find— 
(a) The length of ladder. 
(4) Angles with the wall and ground. 


(10) A field is in the form of a triangle; AB and AC are 600 
yards and #o yards long respectively. The angle BAC is 60°. 
Find the length of BC. 


(11) A river is 20 yards wide. Two men (A and B) stand on 
opposite banks, exactly opposite to each other. Another man C 
is 12 yards from A on the same side of the river. How far is C 
from B? 


_ (12) A pole is 110 ft. high. It casts a shadow 80 ft. long. What 
is the altitude of the sun? What is the distance between the foot 
of the pole and the end of the shadow? 
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DIRECTION AND SENSE. 


A straight line is generated, as already proved, by the 
motion of a point in any fixed direction. The point may move 
in either of two opposite directions or sevzses—from right to 
left or from left to right. Now, a number of parallel straight 
lines may be drawn all in the same sense, or some in one sense 
and some in another, preserving the same direction. Z.g. take 
two parallel straight lines AB, CD. 


A B 


D 


C 


If a point moves from A to B, and another from C to D, 
we say that they move 77 the same sense; but if the one moves 
from A to B, and the other from D to C, they move in oppo- 
site senses. AB and DC we say have opposite senses. 

An angle between two straight lines is necessarily equal to 
two parallel lines in the same sense. 


~ er 


Tr 
a" BANGALORE. ° 


a a : . 
SPE aaa 
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ANGLES OF A POLYGON. 


Theorem 4.} 


Tf the sides of a convex polygon are produced in order, the 
sum of the angles so formed is equal to four right angles. 


Let ABCDE be a convex polygon, having its sides pro- 

duced in order, forming the ext. 2s a, 4, ¢, d, é. 
= Then sum of (3a, 0, ¢, 2, 2 =a 

ConsTRUCTION.—Through any pt. M draw MP, MQ, MR, 
MN, MO || to and in the same sevse as EA, AB, BC, CD, DE 
respectively. 

Proor.—’.. MP and MQ are respectively || to and in the 
same sense as EA, AB, 
» a= £ PMQ. 
ge i= b QOMR, 
ZL ¢=Z RMN, 
L @= £ NMO, 
Ze {7 OME, 
+/d+fe=sumof ZsatM 

= 417s (1. 1, Cond 


" This proof should be omitted at the first reading, the alternative proof 
to be taken instead. 


~-La+Lb4+Le 
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Theorem 4 (Alternative Proof). 


If the sides of a convex polygon are produced in orider, the 
sum of the angles so formed is equal to four right angles. 


Let ABCDE be any convex polygon, having its sides pro- 
duced in order, forming the ext. 
LS @, 0,6 4d, ¢. 

Then sum of 2s a@,3,¢4dq,¢= 
4 £35 

Proor.—Suppose a st. line to 
be on CD, and to rotate about 
the pt. D through the <2 d; it 
will then be on DE. Suppose 
the line to slide along DE till the 
pt. previously at D lies on E; 
imagine the line to rotate about 
E through the 2¢. Further, sup- 
pose the line to slide along the line EA, and to turn about 
A through the 4 a. Again, imagine the line to stide along 
AB, and to rotate about B through the 2 4, Similarly, the line 
to slide along BC, and to turn about C through the 2 « 

The rotated line will now be in the same position and have 
the same direction as it had at first. Therefore the total 
rotation is equal to one complete turn, or 4 rt. Zs. 

But the line rotated through the ext. 2s a, J, ¢, d, ¢, 

*, the sum of these £s=4rt. cs. Q.E.D. 


CoroLiary.—If the sides of any convex rectilineal figure 
be produced in order, the sum of the angles so formed is 
equal to four right angles. 
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ANGLES OF A TRIANGLE. 
Theorem 5. 


The sum of the interior angles of any triangle is equal to 
two right angles. 


Let ABC be any A. 
E Then sum of its 
Zs ABC, BCA, 
A CAS: =} 2 rt. / & 
CONSTRUCTION. 
—Produce the sides 
the same way round 
B C D Tele fe) ae 
F Proor. — The 
sum of £s ABC, CBF = 2 rt. Zs (I. 1). 
Sim” the sum of 2s BCA, ACD = 2 rt. Zs, 
and the sum of Zs CAB, EAB = 2 rt. Zs, 
the sum of the int. 2s + ext. 2s=6rt. Zs. 
But the sum of the ext. £s = 4 rt. Zs (I. 4, Cor.); 
.. the sum of the int. 2s ABC, BCA, CAB = 2rt. Zs. 
Q.E.D. 


COROLLARIES.—(1) Any two angles of a triangle are 
together less than two right angles. 

(2) In any triangle, one only of its angles can be a right 
or obtuse angle. 

(3) In any triangle there must be at least two acute angles ; 
there may be three. 

(4) The sums of the interior angles of different triangles 
are always equal. 

(5) If the sum of two angles of a triangle be equal to the 
sum of two angles of another triangle, the remaining angles are 
equal. 

(6) If one of the angles of a triangle be a right angle or 
an obtuse angle, the remaining angles must be acute. 

(7) If a triangle contains a right angle, then the other 
angles are complementary. 
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ANGLES OF A POLYGON. 


Corollary of Theorem 4. 


All the interior angles of any convex rectilineal figure, to- 
gether with four right angles are equal to twice as many right 
angles as the figure has sides. 


D 


‘- B 
Let ABCDE be a rectilineal figure of z sides. 
Then all its int. 2s+4rt. 2s = 2m rt. Ls. 
CONSTRUCTION.—Produce the sides of the polygon in 
order. 
Proor.—Each int. Z + corres? ext. £ =2rt. Zs.(I.1); 
”. all int. Zs + corres* ext. £s = twice as many 
rt. / s as the figure has sides. 
ora ext. (/sS=@n. 2s (I. 5); 
*, all int. 2s +4 rt. Zs = twice as many 
rt. / s as the figure has sides. Q.E.D. 
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ANGLES OF A TRIANGLE. 
Theorem 6. 


Tf one side of a triangle be produced, the exterior angle is equal 
to the sum of the two interior opposite angles. 


A 


B C D 


Let ABC be any A having its side BC produced to D. 
Then ext. 2 ACD = int. opp. Zs CBA, BAC. 
Proor.—Sum of £s ACD, ACB = 2 rt. Zs (I. 1), 
Sum of int. 2s ACB, CBA, BAC = 2rt. Zs(I. 5), 
From these equals take away the common / ACB, 
“.rem® ext. £ ACD = int. opp. 2sCBA, BAC. Q.E.D. 


CoroLuAry.—If one side of a triangle be produced, the 
exterior angle is greater than either of the interior opposite 
angles. 


Exercises. 


(1) If the alternate sides of a hexagon be produced to meet, the 
angles at the points of intersection will be equal to four right angles. 

(2) How many sides has the rectilineal figure, the sum of whose 
interior angles is double the sum of its exterior angles? 

(3) If the sides of a pentagon be produced to meet, the angles 
at the points of intersection will be equal to two right angles. 

(4) Trisect a right angle. 

(5) Name the magnitude of an angle of a regular octagon. 


(6) Any two exterior angles of a triangle are together greater 
than two right angles. 
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CONGRUENT TRIANGLES. 


Theorem 7. 


If two triangles have two sides of the one equal to the two sides 
of the other, each to each, and the included angle of the one equal 
to the included angle of the other, then the two triangles are 
congruent, 


A D 


B C E F 
Let ABC, DEF be oy Ass with side AB = side DE, side 
AC = side DF and incl. £ BAC = incl. £ EDF. 
Then nan Be — base EF, 
LZ ABC = ( DEF, 
ZL ACB ie DEE. 
Area of A, ABC = area of A DEF. e 
Proor.—Let A ABC be placed upon A DEF so that pt. A 
is on pt. D and st. line AB lies along st. line DE; then pt. 
B will fall on pt. E. 


| 


‘. AB = DE (Hyp.), 
If AB lies on DE, then AC lies along DF. 
“ £ BAe £ EDF (Hyp,), 
and -.. AC = DF, the pt. C falls on pt. F 
.. BC will also coincide with EF. 
*. A ABC coincides with A\ DEF, 
PAs ABC, DEF are congruent. Q.E.D. 


Exercises. . 


(1) Prove that the diagonals of a square are equal. 


(2) Prove that the squares described on two equal straight lines 
are equal. 
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Theorem 8. 


The angles at the base of an isosceles triangle are equal. 


A A 


B D C B D “a C 


Let ABC be an isosceles /A\ with side AB = side AC. 
Then < ABC= / ACB. 


CoNnsTRUCTION.—Bisect £ BAC by the st. line AD, which 
meets the base at D. 
Proor.—In /\s ABD, ACD 
AB = AC, 
AD is common, 
incl. £ BAD = incl. 2 CAD. 
“. Zs ABD, ACD are congruent (I. 7) ; 
i ., 2 ABD= Z ACD, 
3¢. / ABBC= Z AGB. Q.E.D, 


COROLLARY.—(r1) The angles on the other side of the base 
of an isosceles triangle are equal. 
CONSTRUCTION.—Produce sides AB, 
AC to D and E respectively. 
Then 2 CBD = Z BCE. 
Proor.— *. CB meets st. line AD 
at B, 
Zs ABC, CBD = ezrt. /s (I. 1). 
Similarly 2s ACB, BCE = 2rt. /s. 
D E “. LS ABC, CBD = Zs ACB, BCE, 
‘-" £ ABC = ACB; 
..rem® 2 CBD =rem® Z BCE. 


Practical and Theoretical Geometry. 41 


CoroLLaRY.—(z2) Every equilateral triangle is also equi- 
angular. 


Exercises. 
(1) Prove that the opposite angles of an equilateral four-sided 
figure are equal. 


(2) If the angles formed by the base of a triangle and the sides 
produced be equal, the sides of the triangle are equal. 
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Theorem 9 (Converse of Theorem 8). 


If two angtes of a triangle are equal, the sides opposite to these 
angles are equal. 


A 


B C 


Let ABC bea A with 2 ABC= Z ACB. 
Then side AB = side AC. 
Proor.—Suppose the A ABC be lifted up, inverted, and laid 
down on its trace, so that C falls on B, and B on C. 
Then GA falls along BA, and BA along CA, 
‘-" ZL ABC = Z ACB (Hyp.), 
CA falling on BA, and BA on A, 


.. A falls back on its original position, 
“. CA coincides with AB ; 


.. AB=AC. Q.E.D. 


CorROLLARY.—An equiangular triangle is also equilateral. 
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INEQUALITIES. 
Theorem 10. 


If two sides of a triangle are unequal, the greater side has the 
greater angle opposite to it 


A 


B 


Let ABC be a A in which AB > AC 


Then Z ACB > Z ABC 
CONSTRUCTION.—From AB cut off AD = AC. Join DC 
Proor.—’.’ A\ ADC is isosceles and DC the base 

“. £ ADC = £ ACD (I. 8). 
. the side BD of A BDC is produced to A; 
ant d a > int. opp. Z ABC (I. 6, Cor) 
. £ ACD> Z ABC. 
But i. ACB > its part £ ACD; 
ee ACB > sf aBC, 0.E.D: 


C 


But 
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Theorem 11 (Converse of Theorem 10). 


Lf any two angles of a triangle are unequal, the greater angle 
has the greater side opposite to it. 


A 


B C 


Let ABC be a A in which £ ACB > Z ABC. 
Then side AB > side AC. 

PROOF.— If AB = AC, 
then 4 ACB = Z ABC (I. 8); 

but this is not so. 

If AB < AC, 

then 2 ACB < ABC (I. 10); 

but this is not so, 
.. AB must be > AC. Q.E.D. 


Exercises. 


(1) Let AB be drawn at right angles to CD, and meet it in B; 


join AC, AD. If BC is greater than BD, show that AC is greater 
than AD. 


(2) ABCD is a quadrilateral in which the side AD equals the 


see AC; show that the side BC is shorter than the diagonal 
jf 


(3) Prove that the hypotenuse is the greatest side of a right- 
angled triangle. 


(4) If within a triangle ABC there be such a point D that AC 
and AD are equal, show that AB is longer than AC. 
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Theorem 12. 


Any two sides of a triangle are together greater than the 
third side. 


D 


B C 


Let ABC be any A. 
Then any two of its sides are together > the third side. 
BA + AC > BC. 
AC + CB > BA. 
CB + BA > CA. 
CoONSTRUCTION.—Produce BA to D, making AD = AC. 
Join DC. 
Proor.— In A ACD, AC=AD (Const.); * 
L ACD= Z ADC (I. 8). 
Now Z BCD > its part 2 ACD; 
.. £ BCDisalso > £-ADC; 
mom A DBC (BCD > / BOC; 
. + SEP BSe ; 
ic. BA+ AD > BC; 
“, BA + AC > BC (Const.). 
Sim’: AC + CB > BA, 
andCB+BA>CA. Q.E.D. 


CoROLLARY.—The difference of any two sides of a triangle 
is less than the third side, 
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Exercises. 


(1) In the case of any rectilineal figure, the sum of all the sides, 
except one, is greater than the excepted one. 


(2) If a point be taken inside a triangle, and three straight lines 
be drawn to the angles from that point, the sum of these three 
straight lines shall be less than the perimeter of the triangle. 


(3) The sum of the distances of any point from the three angles 
of a triangle is greater than half the perimeter of a triangle. 


(4) Prove that the straight line is the shortest distance between 
two points by the help of Exercise I. 


(5) Discuss Exercise 4 to show that a curved line joining two 
points is greater than the straight line joining them. 


(6) If two polygons stand on the same base, and one falls inside 
the other, then the perimeter of the outside one is always greater 
than the inside one, provided the inside one is convex. 


(7) If one polygon falls entirely within another one, then the 
perimeter of the exterior one is always greater than the perimeter 
of the interior one, provided the inside one is convex. 


_ (8) Prove by drawing a regular inscribed hexagon that the 
circumference of a circle is greater than three times its diameter. 


N.B.—In working out Examples 6 and 7, produce the sides of 
the interior polygon in the same order, and apply Exercise 5. 
e 
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CONGRUENT TRIANGLES. 


Theorem 13. 


If two triangles have two angles of the one equal to two 
angles of the other, each to each, and also one side of the one 


equal to the corresponding side of the other, the triangles are 
congruent, 


Let As ABC, DEF have BC = EF, and £ ABC = / DEF 
and £ ACB = <z DFE, 
Then the Ass ABC, DEF are congruent. 
Proor.—*. two Zs of 
A ABC respectively = two A D 
Zsof A DEF, 
*.rem® £ BAC = rem* 
EDF (1. 6, Cor.). 
Apply the A ABC to the 
A DEF, so that B falls on B CE -F 
E and BC coincides with EF. 
nen * BC — EF, 
C falls on F ; ° 
‘> £ ABC = / DEF, 
Then BA must fall along ED. 
Again, -. 2 ACB = / DFE, 
Then CA must fall along FD ; 
”. A, which falls both on ED, FD, must coincide with D; 
.. ZA, ABC coincides with A DEF; 
.. Zs ABC, DEF are congruent. Q.E.D. 


Exercise. 


(1) Show that the perpendicular drawn from the extremities of 
the base of an isosceles triangle to the opposite sides are equal. 


48 Practical and Theoretical Geometry. 


Theorem 14. 


Lf two triangles have three sides of the one equal to the three 
sides of the other, each to each, the triangles are congruent. 


D 
A 


H 


Let ABC, DEF be two /\s in which AB = DE, BC = EF, 
CA7=-FD. 


Then the /\s are congruent. 


Proor.—Apply the A ABC so that B falls on E, and BC 
coincides wéth EF, and A and D are on opp. sides of EF, Let 
H be the new position of A. Join DH. 

In A EDH, ED = EH (Hyp.), 
”. £EDH = 2 EHD (I. 8). 
In A DFH, FD = FH (Hyp.), 
. £ FDH = 2 Febai, 3), 
. 4 EDA 2 FDH = 2 fae] 7 FHD; 
.. 2 EDF = Z EHF; 
2. 1 SDF = 2 BAG: 
Now, in As ABC, DEF 
AB = BE, 
AC = DF, 
and incl. 2 BAC = incl. Z EDF, 
“. A ABC = A DEF UI. 7); 
.. the As are congruent. Q.E.D. 
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INEQUALITIES. 
Theorem 15. 


Lf two triangles have two sides of the one equal to two sides 
of the other, each to each, and the included angles unequal, then 
the base of that with the greater included angle is greater than 
the base of the other. 

Let ABC, DEF be two A\s which have AB = DE, AC = DF, 
but incl. £ EDF > incl. Z ABC. 

Then base EF > base BC. 

Proor. — Apply 
A EDF to A ABC A D 
so that D falls on A 
and DE falls along 
AB ; then E falls on 
B (Hyp.). G 
-- LEDF > BAC, B H 

”. DF falls outside C E F 
ZL BAC. 
Let A EDF take up the position ABG. * 
Bisect £ CAG by the st. line AH, meeting BG in H. Join 


HC. 
In As CAH, GAH 


-* AC = AG, 
AH is common, 
and incl. 2 CAH = incl. 2 GAH (Const.), 
”. A\s CAH, GAH are congruent (I. 7). 
And in A, BHC 
BH + HC > BC (I. 12). 
But HC = HG (proved), 
”. BH + HG > BC; 
bé..BG > BC; 
i.¢.EF > BC. Q.E.D. 


(This proposition may be omitted.) 


E 
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Theorem 16 (Converse of Theorem 15). 


If two triangles have two sides of the one equa! to two sides of 
the other, each to each, and their bases unequal, then the angle 
contained by the sides of that which has the greater base is greater 
than the angle contained by the corresponding sides of the other. 


A 


C F 
Let ABC, DEF be two A\s which have AB = DE, AC = DF, 


and BC > EF. 
Then £ BAC> Z EDF. 


Proor.—For if 2 BAC be not > Z EDF, 
then either 2 BAC must be = or < / EDF. 
If £ BAC= Z EDF, 
then BC = EF (I. 7) ; 
but it is not. 
If £ BAC < Z EDF, 
then BC < EF (I. 11); 
but it is not ; 
*, Z BAC is neither equal to nor less than / EDF ; 
. 2 BAC>EDF. Q.E.D. 


(Zhis proposition may be omitted.) 


« 
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CONGRUENT TRIANGLES. 
Theorem 17. 


Tf two right-angled triangles have their hypotenuses equal, and 
one side of the one equal to one side of the other, the triangles 
are congruent, 


Let ABC, DEF be two As which have their hypotenuses 
AB, DE equal, and AC = DF and /sACB, DFErt. Zs. 
Then the A\s ABC, DEF are congruent. 


D 


B Cc G E E 


Proor.—Apply the A DEF so that D falls on A and DF 
along AC and the A DEF takes up the position AGC. 
-* DF = AC, 
.. F falls on C; 
- £8 ACB, ACG are rt. ZS, 
.. BCG is a st. line (I. 2). 
Now in A ABG °, AB = AG (Hyp.), 
.. L ABG = ZL AGB (I. 8). 
Again in As ABC, AGC 
L ABC = / AGC, 
ZL ACB = Z ACG, 
AB = AG (Hyp.), 
“. As ABC, AGC are congruent (I. 13), 
1.¢. \S ABC, DEF are congruent. Q.E.D. 


= 
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INEQUALITIES. 


Theorem 18. 


Of all the straight lines that can be drawn to a given straight 
line from a given point outside it the perpendicular ts the shortest. 


Let AB be a strt. line and C a pt. outside it, and DC be 
drawn | to AB, meeting it at D. 
Then CD is the shortest 
C line that can be drawn from 
C to AB. 
CONSTRUCTION. — Draw 
any other strt. line from C 
to meet AB at E. 
Proor.—’. the side DE 
A D E BRB of A CDE is _ produced 
to A, 
*. CXt ODA > / ewad..6, Cor); 
and 7 CDA = /£ GDE{Ryp.); 
* 7. CDE > J3GED; 
ps CE > GDYEma). 
Sim” ‘CD may be proved shorter than any other straight 
line drawn from C to meet AB, 
.. CD is the shortest of all lines that can be drawn from 
Cto meet AB. Q.E.D. 


Miscellaneous Exercises. 


(1) Name the conditions under which triangles are congruent. 


(2) Give the properties of a triangle relating to— 
(a) The sum of its exterior angles. 
(2) The sum of its interior angles. 


(3) If D is any point in the side AC of a triangle ABC, prove 
that BA + AC>BD + DC. 


(4) If the bisector of the vertical angle of a triangle is at right 
angles to the base, the triangle is isosceles. 
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(5) If one side of a regular hexagon be produced, show that the 
exterior angle is equal to the interior angle of an equilateral 
triangle. 


(6) Express in degrees the magnitude of each exterior angle of 
a regular heptagon. 


(7) The straight line joining the middle point of the hypotenuse 
of a right-angled triangle to the right angle is equal to half the 
hypotenuse. 


(8) ABC is an isosceles triangle. A straight line is drawn at 
right angles to the base, and cuts the side or sides produced in D 
and E, Prove that triangle ADE is isosceles. 


(9) ABC is an isosceles triangle (AC = BC); the bisectors of 
the 2C and 2B meet at D. Prove that DA bisects ZA. 


(10) In two triangles ABC, DEF -A =2D,2B=ZE; prove 
that 2C€ = -F. 


(11) ABCD is a square, E is the middle point of AB ; join CE, 
DE. Prove that the triangle AED equals the triangle BEC. 


(12) Show that the triangle formed by joining the middle 
points of the sides of an equilateral triangle is also equilateral. 


(13) ABC is a triangle having the sides AB, AC equal. In 
_AB take any point D; produce CA to E, making AE equal to 
AD. Show that ED produced cuts BC at right angles. 


~ (14) ABC is a right-angled isosceles triangle, of which AB is 
the hypotenuse; AD is drawn bisecting the angle BAC, and 
meeting BC in D. Show that AC + CD = AB. ; 


(15) Show that the perpendiculars drawn from the extremities 
of the base of an isosceles triangle to the opposite sides are equal. 


(16) In any triangle ABC the bisectors of the angles ABC, 
ACB meet in O. Show that OA bisects the angle BAC. 


(17) If the bisector of an angle of a triangle cuts the opposite 
side at right angles, the triangle must be isosceles. 


(18) The perpendiculars from the vertices to the opposite sides 
of an equilateral triangle are equal to one another. 


(19) The extremities of a given straight line are equidistant 
from any straight line drawn through its middle point. 


(20) The bisector of the 2 BAC of a triangle ABC meets BC 
in D, and BC is produced to E. Prove that the angles ABC, 
ACE equal twice angle ADC. 


(21) If two straight lines bisect each other at right angles, any 
point in either of them is equidistant from the extremities of the 
other. 
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(22) If the angles at the base of an isosceles triangle ABC be 
bisected by the straight lines BD and CD, prove that DBC is an 
isosceles triangle. 


(23) Find a point in a given straight line such that its distance 
from two given points may be equal. 


(24) If three points be taken on the sides of an equilateral 
triangle at equal distances from the angles and the points joined, 
then the triangle so formed will also be equilateral. 


(25) The sum of the distances from any point from the three 
angles of a triangle is greater than half the sum of the sides of the 
triangle. 


Parallels. 
Parallel straight lines are 
A B such as, being in the same plane, 


do not meet, however far they 
are produced in either direction. 
C PROPERTIES.—(a) In the same 


lane. 

: (6) Being produced, they will never meet in either direction. 
In the figure two straight lines, AB, CD, are cut by a 
third straight line EH at F and 
G. For the purpose of dis- 
tinguishing the angles so 
formed, particular names are 

B given. 

Ex. (a) 2 AFG and / FGD 

D are alternate angles. 


E 
(6) £ EFBand £ EGDare A B 
corresponding angles. F 
If we have CD parallel to 
AB, we may regard CD as AB C G D 


moved into a new position 

without altering its direction, 

Then angle EGD is angle EFB in its new position. Hence we 
call them corresponding angles. 
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The angles EFB, EGD are sometimes referred to as an 
exterior angle and the interior opposite avg/e on the same side 
of the intersecting line. 

In Theorem 21 we have to assume some further fact about 
parallels. This further fact is’stated by Euclid in his Twelfth 
Axiom. It does not appear obvious. All attempts of mathe- 
maticians at proving this axiom have proved futile. It is 
a truth which lies at the foundation of Euclidean geometry. 
However, by denying this axiom a consistent geometry can be 
written, and such geometry is known as Non-Euclidean. In 
Non-Euclidean geometry, generally, it is assumed that through 
a given point two different straight lines can be drawn parallel 
to a given straight line on either side; whereas in Euclidean 
geometry, through a given point, only one parallel can be 
drawn to a given straight line. Thus— 

Two intersecting straight lines cannot both be parallel to a 
third straight line. 

This is known as Playfair’s Axiom, and is equivalent to 
the twelfth axiom of Euclid. 


Practical Exercises introducing Theorem 19. 


(1) Draw a straight line parallel to a given straight line, using 
set squares. 


(2) Draw a straight line parallel to a given 
straight line through given point outside it 
(see Problem 12). 


(3) Draw a straight line parallel to a given 
straight line (see Problem 13). 


(4) Draw a straight line parallel to any 
given straight line; cut them by another 
straight line; indicate and name all the pairs of alternate 
angles, 


(5) On a straight line AB make an angle BAE 60°; on AE 
produced make another angle AED 60° on the opposite side. 
What kind of angles are DEA, AEB? Test by set square if DE 
and AB are parallel. What do you learn? 


(6) Repeat Exercise 5, but taking a right angle. Tell what 
you learn from the exercise. 
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Practical Exercises introducing Theorem 20. — 


(1) Let a straight line cut two parallel straight lines ; indicate 
in the figure the corresponding angles, and under the diagram 
write down the names of the corresponding angles. 


(2) Draw a straight line cutting two parallel straight lines ; 
name and indicate the interior angles on the same side of the line. 


(3) In the straight line AB take two points C, D. At C make 
the angle DCE 45°; at D make the angle ADF 45° on the 
opposite side. By means of setsquares see if line CE be parallel 
to DF. Give answer and conclusion. 


(4) Repeat the last exercise, but taking an angle of 120°. Tell 
what you learn. 


(5) Draw a straight line AB; on it take any two points C, D. 
At C make any angle you like ; at D make its supplement, so that 
the two angles may be facing each other. Test if CE be parallel 
to DF. Give answer and conclusion. 


(6) Repeat Exercise 5, using angles of 45°. Tabulate your 
conclusions from the above exercises. 


Practical Exercises introducing Theorems 2] and 22. 


(1) Let a straight line cut two other parallel straight lines ; 
measure any pair of alternate angles. What do you find? 


(2) Let a straight line cut two other parallel straight lines ; 
measure any pair of corresponding angles. What do you find? 


(3) Let a straight line cut two other parallel straight lines ; 
measure the two interior angles on the same side of the line and 
find their sum. What do you learn? 


(4) Let a straight line cut two other parallel straight lines ; 
measure (a) the alternate angles, (4) the corresponding angles, 
(c) the two interior angles on the same side of the cutting line. 
Tabulate your results and state your conclusions. 


(5) Draw two straight lines AB, CD, each parallel to the 
straight line EF. By use of setsquares prove whether AB and CD 
are parallel, or not, to one another. State result. 


(6) Repeat Exercise 5, and write down your conclusions from 
the last two exercises. 
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PARALLEL STRAIGHT LINES. 


Theorem 19. 


If a straight line cuts two other straight lines so as to make 
the alternate angles equal, the two straight lines are parallel, 


Let the strt. line AB cut two strt. lines CD, EF at A and 

B respectively, so as to make the alt. 7 s CAB, ABF equal. 
Then CD and EF are parallel. 

Proor.—For if CD and EF are not parallel they must 
meet when produced either towards C and E or towards D and 
F. Suppose, if possible, they meet when produced towards D 
and F, and let G be their point of intersection. 

Then GAB is a A which has side GA produced to C, 

. ext. 4 CAB > int. opp. 2 ABF. 
But this is contrary to hypothesis ; 
.. CD, EF do not meet when produced towards D and F. 
Sim” they do not meet when produced towards Cand E; 
.. CD and EF are parallel, Q.E.D. 


Practical and Theoretical Geometry. 


Theorem 20. 


Tf a straight line cutting two other straight lines makes 
(a) two corresponding angles cqual, 


(b) the interior angles on the same side of the line supple- 
mentary, then the two straight lines are parallel. 


4 
E B 


D 


Let the strt. line AD cut two strt. lines EF and GH at B 
and C. 
(a) If the corresponding Zs ABF, BCH are equal, 
Then EF is || GH. 
PROOF.-— ** EF cuts AC at B, 
~ 2 ABF = vert.opp..7 -EBC (I. 3); 
But 2 ABF = Z BCH (Hyp.); 
“alt. 2 EBC = alt. 2 BCH; 
.. EF, GH are parallel (I. 19). 
(2) If the 2s FBC, BCH on the same side of the EF are 
supplementary, 
Then EF is || GH. 
Proor.—°*. the adj. 2s EBC, FBC = 2rt. Zs (I. 1) 


and the £s FBC, BCH = 2 rt. Zs (Hyp.), 


.. LS EBC, FBC = /sFBC, BCH; 
.. £ EBC = / BCH; 
and these are alt. Zs; 
.. EF and GH are parallel. Q.E.D. 


A straight line which cuts two or more parallel straight 
lines is called a transversal. 
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Theorem 2]. 
Lf a straight line cuts two other parallel straight lines it 


makes— 
(1) the alternate angles equal, 


(2) the corresponding angles equal, 
(3) the two interior angles on the same side of the line supple- 


mentary, 


Let the strt. line ABCD cut two || strt. lines EF, GH at B 


and C. 
/ EBC = alt. / BCH. 


Then— (1) alt. Z 
(2) Z ABF =corresp. 1 BCH. 


2) int. / s FB@2BCH = 2 rt. fs. 
ConstTrRucTion.—If ¢ EBC is not = 4 BCH, let BK be drawn 
making £ CBK = / BCH. 
PROOF.— Then KB is || GH. 
But EF is || GH ; 
.. two intersecting strt. lines EF, KB are both || to GH. 
But this is impossible (Playfair’s Axiom) ; 
~- £ EBC ]Z7 BCH. 
(2) Again, .. 2 EBC = £ BCH*(proved), 
and £ EBC = vert. opp. Z ABF ; 
.- 2 ABF = Z BCH. 
(3) Further, «2 EBC = 4 BCH, 
. Ls FBC, EBC = / s FBC, BCH. 
Now /s FBC, ESC = 2z rt. 2s (I. ©). 
248 FBCOBCH = 2.rt. 1s, -O.8.D. 


CoROLLARY.—Two angles whose arms are parallel and 


b] 


drawn in the same sense are equal. 
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Theorem 22. 


Straight lines which are parallel to the same straight line are 
parallel to one another. 


Let the strt. lines AB, CD be each || to the strt. line EF. 
Then AB is || to CD. 
CONSTRUCTION.—Draw a strt. line GH to cut AB, CD, EF 
at K, L, M respectively. 
Proor.—’.’ EH cuts the parallels AB, EF, 
. 1 AKM=alt. 2 KMF (£ 21). 
Again, *.. GH cuts the parallels CD, EF, 
*. 4 KLD = corresponding £ KMF (I. 21) ; 
. L AKM= Z KLD; 
and these are alt. /s, 
“. AB is || to CD (I. 19). Q.E.D. 


Exercises. 


(1) Let ABC be any triangle. Produce BA to D and CA to E, 
making AD equal to AB and AE to AC; join DE. Show that 
the triangle ADE is in all respects equal to the triangle ABC, and 
that if BC and ED were produced ever so far in either direction 
they would never meet. 


_ (2) Straight lines which are perpendicular to the same straight 
line are parallel to one another. 
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_ (3) If a line which bisects the exterior vertical angle of a 
triangle be parallel to the base, prove that the triangle is isosceles. 


(4) The side BC of atriangle ABC is bisected in D. DF is 
drawn parallel to CA to meet AB in F, and DE is drawn parallel 
to AB to meet CAin E. Join EF. Show that the four triangles 
AEF, BFD, CDE, and DEF are equal in all respects. 


(5) Through a given point draw a straight line, making with 
the given straight line an angle equal to agiven angle. How many 
such lines can be drawn? 


(6) Through a given point draw a straight line, such that the 
part intercepted between the two parallels may be equal to a 
given straight line GH. 


(7) Theorem 22 is the converse of Playfair’s axiom. Demon- 
strate the truth of this theorem, using Playfair’s axiom. 


DEFINITIONS. 


Parallelograms. 


A quadrilateral is a plane figure 
bounded by four straight lines. 

A diagonal is the straight line 
which joins opposite angular points 
in a quadrilateral. 


Quadrilaterals. 


Parallelograms. Quasi-parallelograms Non-parallelograms. 


(trapezia). 
JZ . 
Rectangular. Non-rectangular. Isosceles Scalene 
trapezium, trapezium, 
Equal Non-equilateral Equilateral Non-equilateral 
(square). (rectangle (rhombus). (rhomboid), 


or oblong). 


A parallelogram is a four-sided 
figure consisting of two pairs of 
parallel sides. 
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A rectangle, or oblong, is a parallelogram which has one 
of its angles a right angle. 

(Euclid’s definition is redundant, as it 
may easily be proved that if one angle in 
the rectangle is a right angle, then all its 
angles are right angles.) 

The Greek word érepounxes, oblong, is expressive of the 
inequality of adjacent sides. 
A square is a four-sided figure which has 

all its sides equal, and one of its angles a 

right angle. 

A rhombus is 

a four-sided figure 

which has all its 

sides equal, but its angles are not right 
angles. 

A rhomboid is a four-sided figure consisting 
of two pairs of parallel sides, but its angles are 
not right angles. 

A trape- 
zium is a four- 
sided _ figure 
which has two 
of its sides 
parallel. 

A trapezium which has the sides that are not 
parallel equal to one another, is called an 

isosceles trapezium. 
A trapezium which has its four sides unequal is a scalene 
trapezium, 


Practical Exercises introducing Theorem 23. 


(1) Draw a parallelogram, using setsquares. 


(2) On a piece of paper construct a parallelogram ; draw its 
diagonal ; cut out the parallelogram along the diagonal dividing 
the parallelogram into two triangles. By superposition of one 
triangle on the other tell what you learn. 


(3) Construct a parallelogram ABCD and let its diagonals 
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intersect at O; measure OA, OC, OB, OD. Give your observa- 
tions. ‘Tabulate the conclusions you have obtained from the last 
three exercises. 


(4) Draw two equal and parallel straight lines; join their 
corresponding extremities. What figure have you constructed? 
Give reasons for answer. 


(5) Construct a parallelogram having one of its angles a right 
angle ; measure the other angles and compare their values. What 
do you conclude? 


(6) Prove that a square is equiangular. 


PARALLELS. 


Practical. Exercises introducing Theorem 24. 


(1) Draw three parallel straight lines so that the intercepts 
made by them on a given straight line that cuts them are equal ; 
prove by measuring that the corresponding intercepts on any 
other straight line that cuts them are equal. 

(2) Show that a line drawn through the middle point of a non- 
parallel side of a quasi-parallelogram parallel to the parallel sides 
bisects the opposite non-parallel sides. 


(3) Divide a straight line AB 2°4 in. long into five equal parts, 
using method as in Problem 14. 

(4) Divide a straight line AB 3'2 in. long into seven equal parts 
(see Problem 15). 

(5) Prove experimentally that the straight line drawn through 
the middle point of a side of a triangle parallel to the base, bisects 
the remaining side. 


(6) Prove that the straight line which joins the middle points 
of two sides of a triangle is equal to half the third side. 


' Exercises. 


(1) Draw two parallel straight lines at a distance of 3°5 cm. 
apart. 

(2) Draw two parallel straight lines 4’6 in. and 5°8 in. long ; join 
their extremities towards the same parts. What kind of a quadri- 
lateral is formed ? 

(3) Draw a triangle with sides 2°4 in., 1°8 in., and 1°6 in., and 
through each angular point draw a straight line parallel to the 
opposite side. 
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(4) Construct a parallelogram with adjacent sides 5°6 cm. and 
4°3 cm. and one angle 65°. 


(5) Make a rhombus with sides 4’9 cm. and one angle 50°. 


(6) Make an angle of 45°. Find a point which is 3 cm. from 
each arm of the angle. 


(7) Construct an equilateral triangle having an altitude of 5 cm. 


(8) AB is a given straight line and C a given point on it. Find 
a point D which shall be 3'4 cm. from AB and 4°8 cm. from C. 


(9) Construct a triangle having the base 7°8 cm., one side 6 cm., 
and a height of 4°4 cm. 


(10) Construct a rhombus with sides 6°4 cm. and one angle 
135°, draw the diagonals, and prove that they bisect one another 
at right angles. 


(11) Draw an angle BAC of 64°. Bisect it by AX, and on the 
bisector cut off AD 3:1 in. Through D draw DY parallel to BA, 
cutting AC at Y. Prove that the triangle AYD is isosceles. 


(12) With the setsquare draw two parallel straight lines about 
Idin. apart. On them take any points A and B. Bisect AB at 
O. Through O draw three straight lines terminated by the parallels. 
Prove that all the lines are bisected at O. 
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Theorem 23. 


The opposite stdes and angles of a parallelogram are equal, 


and each diagonal bisects the parallelogram, and the diagonals 
bisect one another. 


A B 


D C 
Let ABCD be a parallelogram, and BD one of its 
diagonals. 

Then— (1) AB = CD, and AD = CB. 
(2) £ BAD= Z BOD. 
(3) L ADC = £ CBA. 
(4) A ABD = ABCD. 

PRoorF.—°. 


AB is || to DC and BD meets them, 
: {ABD = alt. 1 CDB (I. 21) ; 
‘: AD is || to BC and BD meets them, 
eae = alt. £ CBD. - 21) ; 
‘in As ABD, CDB 
ZL ABD = Z CDB, 
£ ADB = 4 CBD, 
and BD is common to both; 
”. Z\s ABD, CDB are congruent (I. 13). 
.. AB = CD 


and AD = CB (x) 
and / BAD= Z | 
Sim’ / ABC = £ CDA (2) 
Ana; A ABD = 7. CDB, 
.. BD bisects the (/™ 
Sim” AC bisects the (7™ (3) 
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The diagonals of a parallelogram bisect one another. 


A B 


ee 
x oN 


D C 


Let the diagonals AC, BD of (7™ ABCD intersect at O, 
Then AO = OC, and DO = OB. 
Proor.—*.’ AB is || to CD and BD meets them, 
.. £ OBA= 7 ODC (I. 21); 
*. in As AOB, DOC 
L OBA= Z ODG, 
L AOB = vert. opp. Z DOC (I. 3). 
and AB = DC (I. 23) ; 
.. As AOB, DOC are congruent (I. 13) ; 
“. AO = OC, 
and DO = OB. Q.E.D. 


CoROLLARIES.—(1) The distance between parallel straight 
lines is everywhere the same. 

(2) If a parallelogram has one of its angles a right angle, 
all its angles are right angles; 7.e. all the angles of a rectangle 
are right angles. 

(3) A square is equilateral and equiangular. 
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PARALLEL STRAIGHT LINES. 
Theorem 24. 


Lf there are three or more parallel straight lines, and the 
intercepts made by them on any straight line that cuts them are 
equal, then the corresponding intercepts on any other straight line 
that cuts them are equal, 


Let the parallels AB, CD, EF be cut by the strt. lines GHI, 
KLM, and let the intercepts GH and HI be equal. 
Then the corresponding intercepts KL, LM are equal. 
ConstrucTion.—Through K and L draw KN, and LO || to GI. 
Proor.—’.’ CD and EF are || and KM meets them, 
a. £ KLNieee EMO (I. 22)% 
*, KN and LO are each || to Gl, 
so. KNiteeteec LO (I. 22)5 
.. £ NKL =corresp* £ OLM (I. 21). 
Now GN, HO are (7™, 
”. KN = GH and LO = HI; 
But GH = HI (Hyp.) ; 
‘KN =LO; 
*. in As KNL, LOM, 
ZL KLN = Z LMO, 
Z NKL= Z OLM, 
KN =LO; 
”. AS KNL, LOM are congruent (I. 13) ; 
oo KE = Ei ©.E.D. 
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Exercises. 
(1) Straight lines bisecting two adjacent angles of a parallelo- 
gram intersect at right angles. 
(2) No two straight lines drawn from the extremities of the base 
of a triangle to the opposite sides can possibly bisect each other. 
(3) If one angle of a parallelogram is a right angle, all its angles 
are right angles. 


(4) If the opposite sides of a quadrilateral are equal, it is a 
parallelogram. 


(5) If the straight line joining two opposite angles of a parallelo- 
gram bisect the angles, the four sides of the parallelogram are 
equal. 


(6) Straight lines bisecting two adjacent angles of a parallelo- 
gram intersect at right angles. 


(7) ABCD is a parallelogram, and E, F, the middle points of 
AD and BC respectively. Show that BE and DF will trisect the 
diagonal AC. 


(8) If the diagonals of a quadrilateral bisect one another, the 
figure is a parallelogram. 


(9) If the diagonals of a parallelogram be equal, all its angles 
are equal. 


(10) If the opposite angles of a quadrilateral are equal, it is a 
parallelogram. 


(11) The diagonals of a parallelogram bisect each other, 


(12) Any straight line drawn from the vertex of a triangle to the 
base is bisected by the straight line which joins the middle points 
of the other sides of the triangle. 


Loci. 


If a line or groups of lines satisfy a certain geometrical 
condition, and if all the points satisfying the given condition 
lie on that line or group of lines, then the line or group of lines 
is called the locus of a point satisfying that given condition. 

Locus of points is sometimes used for Zocus of a point, though 
the latter form is much to be preferred. Sometimes, in deter- 
mining a locus, it is thought sufficient to restrict the definition 
to its first part, sometimes to the second part, although a strict 
demonstration would need the application of both parts. 
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EXAMPLE.—7Zo find the locus of a point equidistant from two 
given points A, B. 

(2) Let CD bisect AB at right cC 
angles. 

Then it can be proved that any 
point on CD is equidistant from A 


and B. A 7 B 
*. we conclude CD is the locus 
sought. 
(6) Let P be any point of the 
locus,andO D 
P the middle 
point of the line AB. 
Join OP. 


Then, since AP and PB are equal 
by hypothesis, and OA and OB are 
equal by construction, 

A .@) B Therefore the angles AOP, BOP 
are right angles. 
Hence the locus of AB is a straight line bisecting AB at 
right angles. 


A point may be subject to two geometrical conditions 
which completely determine its position. 


EXAMPLE 1.—A 
point is, firstly, to be 
on AB; and secondly, 
equidistant from A and 
B. There is only one 
point which satisfies 
these geometrical con- A 
ditions. But suppose 
only one geometrical 
condition to which the 
point is subject is that 
it is to be equally distant 
from A and B, then any 
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number can be formed, and found satisfying that condition. 
These will lie on a certain line. This line is called the locus 
of a point, equidistant from A and B. 

EXAMPLE 2.—We may define a circle as a locus of points 
which are at a given distance from a given point. 


Practical Exercises on Loci. 


(1) Find the locus of a point which moves so that it is I°5 in. 
from a given straight line. What is the locus? 


(2) Find the locus to a given point 3°4 cm. from it. What is 
the locus? 


(3) Find the locus of a point equidistant from two given points. 
What is the locus? Test your result. 


(4) Find the locus of a point equidistant from two intersecting 
straight lines. 


(5) Find the locus of the mid-points of a system of parallel 
straight lines (chords) to a circle. Prove your result by measure- 
ments. 


_ (6) Describe a circle passing through the vertex of a triangle. 
Find the locus of a point equidistant from A, C; B, C; A, B. 
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Theorem 25. 


Lhe locus of a point which is equidistant from the fixed points 
is the perpendicular bisector of the straight line joining the two 
fixed points. 


C 


A D B 


Let A and B be the given points, and C any one position 
of a point such that CA = CB. 
Then C lies on the bisector of AB. 
CoNSTRUCTION.—Bisect AB at D. Join DC, 
Proor.—In As ADC, BDC 
CA = CB (Hyp.), 
AD = DB (const.), 
CD is common ; 
.. As ADC, BDC are congruent (I. 14); 
°, L ADC = its adj. 2 BDC; 
.. CD is 1 to AB; 
.. C lies on the | bisector of AB. 
Sim” it may be proved that every point equidistant from 
A and B lies on the L bisector of the strt. line joining AB. 
Q.E.D. 
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Theorem 26. 


The locus of a point which is equidistant from two intersecting 
straight lines consists of the pair of straight lines which bisect the 
angles between the two given lines. 


D 


eee eee eee eee eee eee 


C 
| 
A 
Let AB, DE be the given strt. lines intersecting at C, and 
F any such pt. that the | FG = 1 FH. 
Then F lies on one of the bisectors of the angles formed by 
DCE, ACB. 
CONSTRUCTION.—Join F to C, the intersection of AB, DE. 
Proor.—In As FGC, FHC 
4 FGC = < FHC (rt. zs), 
FG = FH (Hyp.), 
FC is common, 
.. Zs are congruent (I. 17) ; 
”. 2 GCF= ZHCF, 
70:2 BGCF= 2. EGR: 
.. F lies on the bisector of the 2 BCE. If F be within the 
<4 DCB, it may be shown that the point lies on the bisector of 
the 2 BCD. Q.E.D. 


Exercises. 
(1) Find a point which is equidistant from two given inter- 
secting straight lines, and at a given distance from a fixed point. 
_ (2) Find a point which is equidistant from the three sides of a 
triangle, 
(3) Find a point on the base of a scalene triangle equidistant 
from the two sides. 


_ (4) A and B are two points 3 in. apart; find a point or points 
distant 4 in. from A and § in. from B. 


7 
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(5) On a given base as hypotenuse right-angled triangles are 
described. Find the locus of their vertices. 


(6) What is the locus of the tip of a clock finger. 


(7) A cyclist rides round a circular track, always keeping two 
yards from the inner edge. What is his locus? 


(8) A boy walks along a straight road, keeping to the middle 
of the road. What is his locus? 


(9) Find a point equidistant from the three sides of a triangle. 


(10) Find a point on the base of a scalene triangle equidistant 
from the two sides. 


(11) A point E moves along a straight line FD. Find the 
position in which it is equidistant from two given points A and B. 


(12) On a given base construct a triangle of given altitude 
(2°4 in.) having its vertex on a given straight line. 


CONCURRENT LINES. 


The median of a triangle is a straight line which joins an 
angular point to the middle point of the opposite side. 


The medians of a triangle are concurrent. 
Let medians BE, CF of A ABC 
be two of its medians, and let them A 
intersect at G. Join AG. 
Then AGD is the remaining 
median of the A. F E 
ConsTRUCTION.—Though C draw 


CH || to BE; produce AD to meet [ai 
CH at H. Join BH. 
Proor.—In A AHC, B C 
-- E is the middle pt. of | 
AC, and EG is || to CH, H 
“. G is the middle pt. of AH. 
Again, in A. ABH, 
++ F and G are the middle pts. of AB, AH, 
.. FG is || to BH, 
7.2. GC is || to BH, 
and the fig. BHCG isa £7”; 
*, its diagonals bisect each other (I. 23) ; 
.. BD=DC; 
.. AGD is the third median, 
and the three medians meet at the pt.G. Q.E.D. 
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The point of concurrency of the three medians is called the 


centroid of the triangle. 
CoroLiLary.—Since D is the middle pt. of GH (proved), 


GD = 4 GH 
= iGA; 
iaD-— = AD 
or AG = = AD 


The perpendiculars from the vertices of a triangle to the 
opposite sides are concurrent, (The altitudes of a triangle are 
concurrent.) 


F E 


BN 


B C 


D 


In A ABC suppose AH, BK, CL | BC, CA, AB respectively. 
Then AH, BK, CL are concurrent. 
Through the corners of A, ABC draw strt. lines || to opp. 
sides, forming a new A FED. 
PROOF. — AD isa £7/™ (Const.). 
BD = AC (I. 23). 
CF is a (7™ (Const.). 
BF = AC (I. 23), 


”. BD = BF, 

.. B is the middle pt. of FD, 
Sim’ A “ » res 
Cc ” ” ” DE, 


and AH, BK, CL are the perpendiculars bisecting FE, FD, DE ; 
.. AH, BK, CL are concurrent at the point O, which is 
called the orthocentre of the A ABC. Q.E.D. 
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Lhe straight lines which bisect the angles of a triangle are 
concurrent, 
In A ABC let the strt. lines 
BE, CD bisect the £s ABC, ACB A 
respectively. 
Join AO, the pt. of intersection D F 
of BE, CD, 
Then AO bisects 4 BAC. 
CoNsTRUCTION.—From O draw 
OD, OE, OF | BA, CA, BC re- B F C 
spectively. 
Proor.—’.’ BO bisects £ ABC, 
. 1t is the locus of a pt. equidistant from BA and BC; 
.. OD 20m tl. 26). 
Sim” OE = OF, 
° ..OE = OD; 
.. O is on the locus of a pt. equidistant from AB and AC ; 
.. OA bisects 4 BCD, 
and the bisectors are concurrent at pt.O. Q.E.D. 


DEFINITIONS. 


Areas. 


Area of a figure is the amount of surface enclosed by its 
boundary. 

To measure areas numerically some unit of area must be 
fixed upon. In experimental geometry a square inch or square 
centimetre is taken as the unit of area. 

A unit of area is a square with a side 
of unit length. 


A square inch (sq. in.) is a square Sq. 
with a side one inch in length. f 
A square centimetre (sq. Inch 
Sq. cm.) is a square with a side 


CM.] one centimetre in length. 
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The altitude, or height, of a triangle is the perpendicular 
drawn from the vertex to the base. 


The altitude, or height, of a parallelogram is the perpen- 
dicular on any side called the base from any point in the 
opposite side. 


A rectangle is said to be contained by a pair of adjacent 
sides. 


AREA OF A RECTANGLE. 
To prove the rule for finding the area of a rectangle. 
Let ABCD be a rectangle whose length AB and whose 
breadth AD is four and three units of length respectively. 
Divide AB into four equal parts and AD into three equal 
parts, 
Through the points of section in each line draw || lines, as 
shown in figure. 
Now, area of rectangle = 12 units of area 
= 4 X 3 units of area 
= AB x AD 
= length x breadth. 


D C 
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AREA OF PARALLELOGRAMS. 
Practical Exercises introducing Theorem 27. 


(1) Construct a parallelogram ABCD, having AB 7°8 cm. long, 
AD 56 cm. long, and the angle at A 65°. 

(2) Describe two parallelograms on the same base and of the 
same altitude as in Fig. 1. Compare the areas of the three 
triangles and of the two parallelograms ; state clearly the reasons 
for answer. 


FIG, f- 


(3) (a) Draw any two parallelograms ABCD, ABEF on a 
piece of plain paper ; cut out the triangle CFB, and 
apply it on the triangle DEA. What do you observe 
about the areas of the triangles and of the two 
parallelograms ? 

(4) Make a tracing of the triangle CFB, and by super- 
position compare the areas of the triangles CFB, 
DEA, etc., and of the two parallelograms. 


D E 26 F 


FIG. 2. 


A B 


(4) Repeat Exercise 3, drawing the parallelograms as shown in 
Fig. 3. Compare the areas of the two triangles EBC, DFA, and 
of the two parallelograms. 


F E D C 


FIG, 3. 
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(5) To find the area of a parallelogram. On the base AB of 
the parallelogram ABEF make the rectangle ABCD. Making use 
of the conclusion drawn from Exercise 4, determine the rule for 
finding the area of a parallelogram. 


(6) Find the area of a parallelogram ABCD, given the base 
AB 10°5 cm. and the altitude 6°4 cm. 


AREA OF TRIANGLES. 


Practical Exercises introducing Theorem 28. 


(1) Construct a triangle, ABC, and a rectangle on the same base 
and on the same side of it, having equal altitudes. 


(2) Draw two triangles ABC, ABD on the same base AB and 
of equal altitudes. Compare their areas, and give reasons for 
answer. 


(3) Make two triangles ABC, DEF on bases AB and EF and 
of equal altitudes. Prove that the triangles are equal in area. 
State clearly what you learn from the foregoing exercises. 


(4) Construct two triangles on equal bases along the same 
straight line, and having a common vertex ; prove that they are 
equal in area. 


(5) Draw any triangle ABC; construct the parallelogram of 
which it is half. Deduce the rule for finding the area of a triangle. 

(6) Find the area of a triangle, given the three sides 674 cm., 
75 cm., 3°3 cm. 


Practical Exercises introducing Theorem 29. 


(1) Draw any rectangle ABCD, and draw its diagonals to form 
the triangles ABC, ABD. Are the triangles equal in area? Are 
their altitudes equal ? 


(2) Draw any parallelogram ABCD, and draw its diagonals to 
form the equal triangles ABC, ABD. Why are they equal? Com- 
pare the heights of the triangles. 


(3) Construct two triangles ABC, ABD on the same base and 
equal in area, using any method you like. 


(4) Make any two triangles ABC, ABD on the same base and 
equal in area, and compare their altitudes. What do you conclude 
from the above exercises ? 


(5) Construct two equal triangles on equal bases. 


(6) Draw two equal triangles on the same or equal bases, and 
prove that they are between the same parallels. 
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Practical Exercises. 


(1) Make a rhombus equal to a given parallelogram. 
(2) Construct an isosceles triangle equal to a given triangle. 


(3) Bisect a triangle by a line drawn through a point in one of 
its sides. 


(4) Prove by measurement that the perimeter of an isosceles 
triangle is less than that of an equal triangle on the same base. 


(5) Show that if two equal triangles be on the same base, but 
on opposite sides of it, the straight line which joins their vertices 
will be bisected by the base. 


(6) The straight line which joins the two middle points of two 
sides of a triangle is parallel to the third side and one half of it. 
Prove this statement. 


(7) Construct a rectangle equal to a given triangle. 
(8) Divide a triangle into four equivalent triangles. 


(9) Draw a parallelogram of area 30 sq. cm., base 6 cm., and 
angle 750°. Give the length of the altitude and the other sides. 


(10) Transform a parallelogram with an angle of 85° into an 
equivalent parallelogram with angle of 65°. 


(11) Divide a parallelogram into three equal parallelograms. 


(12) Transform a given triangle into an equivalent right-angled 
triangle. 
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AREA OF PARALLELOGRAMS, 


Theorem 27. 


Parallelograms on the same base and of the same altitude are 
equal in area. 


F E D C 


A B 


Let ABCD, ABEF be £7™ on the same base AB and of 
the same altitude. 
Then the 7" ABCD = (7/™ ABEF in area. 
Proor.—.*.’ the altitudes of the (7™ are equal (Hyp.), 
. fhey are between the same parallels (I. 23, Cor.) ; 
.. CDEF is a straight line. 
In the As ADF, BCE 
At = BE (I. 23); 
. ADF = < BCE (I. en), 
L AFD i - BEG (1-25); 
.. the As ADF, BCE are congruent (I. 13). 
Now if from the whole figure ABCF each of these equal 
As be taken away in turn, the remainders are (7™ ABCD, 
ABEF, 


“ £7" ABCD = (7* ABEF in area, Q.E-D. 


COROLLARIES.—(1) Parallelograms on the same base and 
between the same parallels are equal in area. 


(2) Parallelograms on equal bases and of the same altitude 
are equal in area, 
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AREA OF A PARALLELOGRAM. 


D E c 


a 


A B 


Let ABCD be a (£7”", and ABEF a rectangle on the same 


base AB, and of the same altitude AF. 
Area of (7™ ABCD = area of rect. ABEF 
= Abe Se 
= base x altitude, 


. area of a parallelogram = base X altitude. 
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AREA OF TRIANGLES. 
Theorem 28. 


Triangles on the same base and of the same altitude are equal 
in area. 

Let the Ass ABC, ABD be 
on the same base AB, and of 
the same altitude. 

Then A ABC = A ABD in 
area. 

CONSTRUCTION. — Join 
DC ; through B draw BE || to 
AC to meet DC produced in 
E ; through A draw AF || to BD to meet CD produced in F. 

Proor.— (7™ ABEC = (J™ABDF in area (I. 27). 

But A ABC = 4 (7™ABEC (LI. 23), 
and A. ABD = } (™ ABDF (I. 23); 
”. A ABC = A ABD inarea. Q.E.D. 


CoROLLARIES.—(1) Triangles on equal bases and of the 
same altitude are equal in area. 

(2) Triangles on the same or equal bases and between the 
same parallels are equal in area. 


AREA OF A TRIANGLE. 


A D Let ABC bea A; com- 
plete the f7™ ABCD by 
drawing AD || to BC, and 
DC || to AB. 

Area of A, ABC 
= 4 (&™ ABCD (I. 23) 
= 4 base x altitude. 
(3). The area of a triangle is half the area of the parallelo- 
gram on the same base and having the same altitude. 


B 
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Theorem 29. 


Equal triangles on the same base are of the same altitude. 


| 

| 

| 

: 

| 
a 
F 


Let Ass ABC, ABD stand on the same base AB and be 
equal in area; and let ED and FC be their altitudes, 
Then EDR. 
Proor.—A\ ABD = $ rect. ABED (II. Cor. 28). 
A ABC = $f rect. ABFC (II. Cor. 28). 
As A ABC = A ABD in area (Hyp.), 
”. 4 rect. ABED = 5 rect. ABFC; 
But AB is common, 
et = FCpeeers,)). 
CoroLLaRiEs.—(1) Equal triangles on equal bases are of 
the same altitude. 


(2) Equal triangles on the same or equal bases are between 
the same parallels. 


AREA OF QUADRILATERALS, 


The quadrilateral is divided into two triangles by drawing 
one of its diagonals. The area of each triangle is got separately 
by calculation from the given measurements. ‘The sum of the 
areas of the two triangles is the area of the given figure. 
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ExampLe.—Area of the quadrilateral 
ABDC = area of A ABC + area of A CDB 
=1cCB.AF+4CB.ED. 


B 


C D 


EXAMPLE.—To prove the rule for finding the area of a 
trapezium. 


D C 
i 8 : B 


Area of trapezium = area of A\ ABD + area of A CBD 
= 1AB.FD+1CD.CE 
+ FD(AB + CD), 
oo GE=SFD 
= saltitude x sum of the parallel sides. 


AREA OF ANY RECTILINEAL FIGURE. 


The rectilineal figure is divided into triangles by joining 
any vertex to the remaining vertices. The area of each 
triangle is got separately by calculation from the given 
measurements, The sum of the areas of the triangles is the 
area of the rectilineal figure. 
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EXAMPLE.—Area of the rectilineal figure 
ABCDE = area of A ABC + area of A ACD + area of A ADE 
=1AC.EB++4AC. FD ++4AD.GE. 


Numerical Exercises on Areas. 


(1) Find the areas of parallelograms from the following data :— 
(a) base = 27°4 cm., altitude = 14°3 cm. 
(2) base = 4°8 in., altitude = 371 in. 
(c) base = 9°4 in., altitude = 7°3 in. 
(d) sides 12°4 cm. and 11°3 cm., angle 65°. 
(e) sides 14°3 in. and 9°3 in., angle 75°. 
(f) sides 19°3 cm. and 8°4 cm., angle 52°. 


(2) The area of a parallelogram is 28°3 sq. cm: ; the base is 5°6 
cm. Find the height. 


(3) Find the areas of triangles from the following measure- 
ments :— 
(a) base = 14'3 cm., altitude = 9°4 cm. 
(6) base = 98 in., altitude = 5°7 in. 
(c) base = 141°6 cm., altitude = 64°3 cm. 
(d) sides = 2°4 in., 3°6 in., 2°8 in. 
(e) sides = 7°8 cm., 8°6 cm., 5°6 cm. 
(/) sides = 8’9 cm., 6°4 cm., 5°4 cm. 
(4) Find the area of a triangle, given the base 6°4 cm., and the 
base angles equal to 55° and 40° respectively. 
(5) The area of a triangle is 36 sq. cm.; the base is 4°8 cm. 
Find the altitude. 


(6) The area of a triangle is 120°2 sq. cm.; the altitude is 
16cm. What is the length of the base? 
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(7) When you quadruple the length of a rectangle without 
altering its breadth, how many times do you increase the area? 

(8) When you quadruple the length and the breadth, how many 
times do you increase the area? 

N.B.—The rules for finding the area of a rectangle, square, 
parallelogram, triangle, irregular rectilinear figure [by reduction 
into triangles] may be applied to areas of walks, pavements, streets, 
tablecloths, room-floors, walls, doors, pictures, etc. Practice in the 
application of these rules should be obtained. 


Exercises. 


(1) Make a rhombus equal to a given parallelogram. 


(2) Bisect a triangle by a line drawn through a point in one of 
its sides. 


; (3) If two triangles have two sides of the one equal to two sides 
of the other, each to each, and the angles contained by these sides 
supplementary, the triangles are equal in area. 


(4) If a quadrilateral is bisected by each of its diagonals, it is a 
parallelogram. be 


(5) Bisect any quadrilateral by a line drawn through one of its 
angles. 


(6) Describe a right-angled triangle which shall be equal to a 
given square. 

(7) If the four sides of a quadrilateral be bisected, the lines 
joining these points will form a parallelogram, and shall be half of 
the quadrilateral. 


(8) The straight line which joins the two middle points of two 
sides of a triangle is parallel to the third side, and one half of it. 


(9) The straight line which joins the middle points of two sides 
of a triangle is parallel to the third side. 


(10) A parallelogram is divided by its diagonals into four 
triangles of equal area. 


(11) ABCD is a quadrilateral, having BC parallel to AD ; E is 
the middle point of DC. Show that the triangle AEB is half the 
quadrilateral. 


_ (12) Bisect a given triangle by a straight line drawn through a 
given point in a side. 
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CONSTRUCTIONS. 
Problem 1. 


To draw an angle equal to a given angle, 


F 


B A D E 


Suppose 4 ABC be the given angle. 
Draw a line DE. With C as centre and BA, any length, as 


radius describe a © cutting the arms of the 2 ABC at A and 
C. 


With D as centre, using the same radius BA, draw a © 
cutting DE at F. 

Take the distance AC in your compasses, and with E as 
centre describe a © cutting EF at F. 

Join FD. 

(2) Prove accuracy of the angle by measuring the angles 
with the protractor. 

(4) Prove again by joining CA, FE, using Theorem 14. 


Exercises. 


(1) Test the accuracy of your set squares 45°, 60°, 90°, 30°. 


(2) By separate construction show the positions of the hands 
of a clock at the following hours :— 
(a) 2 o'clock, (4) 9 o’clock, (c) 4 o’clock, (d) 3 o’clock, 
(e) 2.30 o’clock, (/) 7.30 o’clock. 
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Problem 2. 


To bisect a given angle. 


F B 
A D 
E Cc 


With A as centre, and any radius, draw an arc of a circle 
cutting AC and AB in E and F respectively. 
With E and F as centres, and any convenient radius, draw 
arcs cutting in D. 
Join AD. 
AD bisects 2 BAC. 
Prove theoretically AD bisects 2 BAC, using Theorem I. 14. 


Exercises. 


(1) Bisect an angle of 65°. 
(2) Divide an angle of 120° into four equal parts. 


(3) Draw a straight line AOB. At O make an angle AOC = 
84°. Bisect each of the angles AOC, BOC, and measure the 
angle between the bisectors. 


(4) Bisect an obtuse angle. Test accuracy by measurement 
with protractor. 
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Problem 3. 


To hisect a given straight line. 
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Let AB be the given strt. line. 
CONSTRUCTION.—With centres A and B, and convenient 
radius, describe arcs on each side of AB intersecting at C and D. 
Join CD, cutting AB at E, 
Then AB is bisected at E. 
Proor.—Join CA, CB, DA, DB. 
In As ACD, BCD, 
AC = BC (equal radii), 
AD = BD ( ” oP) ), 
and CD is common, 
.. AS ACD, BCD are congruent (I. 14). 
Again, in As ACE, BCE, 
AC = BC, 
CE is common, 
L ACE = < BCE (proved), 
.. As ACE, BCE are congruent (I. 7). 
”. AE = BE; 
.. AB is bisected atE. Q.E.F. 
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Problem 4. 


To draw a straight line perpendicular to a given straight line 
at a given point in it. 


A C F eB 


Let AB be the given straight line, and F the point in it. 
CONSTRUCTION.—From F cut off FC, FD, any two equal 
lengths, along the given straight line. 
With centres C and D, and any convenient radius, describe 
two arcs cutting at E. 
Join EF, 
Then EF is | AB. 
PRoor.— Join EC, ED. 
In As CEF, DEF, 
CE = DE, 
GF = FD; 
FE is common, 
oA, CEF = /A DEF {1. 14); 
*, adj. 4 CFE = adj. 2 EFD; 
“ ERAS 1 to AB, “AEE. 
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Problem 5. 


To draw a straight line perpendicular to a given straight line 
at a given point in it. 


CoNSTRUCTION.—With centre F, and any convenient radius, 
draw an arc CDE cutting AB in C, 


With C as centre, and with the same radius, draw an arc 
cutting the arc CDE at D. 


With D as centre, and with the same radius, draw an arc 
cutting the arc CDE at E. 
Bisect the 2 DFE (Prob. 2). 
Then GF is L to AB. 


Proor.— 2 s CFD, DFE may be considered as angles of an 
equilateral A. 


’ £ €eo=— 2 DFE = bo, 
LSDEG=+2 DFE = 145: 

*. Lata gO ; 

.. GFis 1 toAB, Q.EF. 
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Problem 6. 


To draw a straight line perpendicular to a given straight line 
Jrom a given point outside tt. 


Let AB be the given strt. line, and C the given pt. outside it. 
ConsTRUCTION.—With centre C, and any convenient radius, 
describe an arc cutting AB at D and E. 
With centres D and E, and any convenient radius, describe 
equal arcs intersecting at F. 
Join CF, cutting AB at G. 
Then CG is | to AB. 
PRrRoor.— CD = CE, DF = EF. 
In As DCF, ECF, 
DC = EC (equal radii), 
DF = EF, 
CF is common, 
“. A DCF = A ECF (I, 14); 
*.* £4 DOG= 2 ECG, 
In As DCG, ECG, 
DC = EC, 
CG is common, 
4 DCG = z ECG (I. 7), 
“. A DCG = A ECG; 
. adj. 4 DGC = adj. 2 EGC; 
“. CGis 1 toAB. Q.E.F. 
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Exercises. 


(1) Bisect a straight line 64 cm. long. Prove that your 
construction is right. 


_ (2) Bisect any straight line into four equal parts by repeated 
bisection, 


(3) Draw a line half as long again as 4°6 cm. 


(4) Draw a straight line 6°8 cm. long, and at a point 3 cm. 
from one end of it erect a perpendicular to it. 


(5) Draw several straight lines freehand, and test accuracy by 
construction. 


(6) A 20-ft. ladder leans against a wall. The bottom of the 
ladder is 8 ft. from the wall. To what height does it reach? 


(7) A pole is 25 ft. long, and casts a shadow of 20 ft. Find the 
altitude of the sun. 


(8) Two men stand on opposite banks of a river 40 ft. wide, 
directly in front of one another. To the right of one of the men 
there is a tree 12 ft. away. How far is the other man from the 
tree? 


(9) A ladder stands against a wall. The bottom of it is 16 ft. 
from the wall, and the top of it touches the wall 24 ft. from the 
ground. How long is the ladder? 
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CONSTRUCTION OF TRIANGLES. 
Problem 7. 


To draw a triangle having given the lengths of the three sides. 


C 


. 
b 
A B a 


Let a, 4, c be the lengths of the sides of the required A. 
Draw a strt. line AB = a. 
With centres A and B, and radii J and ¢ respectively, draw 
arcs cutting one another at C. 
Join CA, CB. 
Then ABC is the required triangle. Q.E.F. 
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Problem 8. 


Lo describe a triangle having given two sides and the included 
angle. 


C 


b 
A B C 


Let 4, c be the lengths of the two given sides, and D the 
given angle of the required triangle. 


ConsTruction.—At C make 2 ACB = z D (Prob. 1). 
Cut off CA = 4, CB =<. 
Join AB. 


Then ABC is the required A. Q.E.F. 
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Problem 9. 


To construct a triangle having given a side and two angles. 


C 


A B 3 


Let a be the length of the given side, D and E the given 
angles of the required triangle. 
CONSTRUCTION.—Draw a st. line AB = a, 
At B make 2 ABC = z D 
At A migke-. BAC = 73 (Prob. 1). 
Produce the sides AC, BC to meet at C. 
Then ABC is the required triangle. Q.E.F. 
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Problem 10. 


To construct a triangle having given two sides and an angle 
opposite to one of them. 


D 
C 
Cc 
b g b 
<a 
A B' B E 


Let 4, ¢ be the lengths of the given sides, and A the given 
angle of the required A. 

CONSTRUCTION.—Draw any strt. line AE; at A make 
LBAC=Z4. 

From AD cut off AC = «. 

With centre C, and radius 4, draw arcs cutting AE at B 
and B’. 

Join CB, CB’. 

Then either of the As ACB, ACB’ is the required A. 

Q.E.F. 


This construction, which admits of a double solution, is 
termed the Ambiguous case. 


H 
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Problem lI. 


To describe a right-angled triangle having given the hypotenuse 
and one stde. 


Cc 
A D B 
Let AB be the hypotenuse, and ¢ the given side of the 
required A. 


CONSTRUCTION.—Bisect AB at D. With centre D, and radius 
DA, describe a semi-©@. 
With centre A, and radius ¢, draw an arc cutting the semi-© 
at C. 
Join CA, CB. 
Then A ABC is the required A. 
Proor.—Join CD. 
‘ DA = DC (equal radii), 
‘. £ DCA = < DAC (I. 8). 
~ DC = DB; 
4 DCB = z DBC, 
*, L ACB =z CAB+ z CBA 
= 1 (180°). (I. 5) 
= 90. Q.E.F. 


Miscellaneous Exercises. 


(1) Construct a triangle in which— 
(2) AB = 6cm., BC = 7°4 cm., CA = 8°5 cm. 
AB = 3'5 in., BC = 2'8 in., CA = 1°7 in. 
(6) AB=64cm., 2B = 110°, ZC = 65°. 
AB=3in., .B = §§% 20 = 74°. 
AB =5°7 cm., 2B = 64% ZC = 06°. 
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(c) Each of the base angles— 
y=: 65> 
2) = 44°. 
3) = 72°. 
(2) AB = 3 in., AC = 4'6 in, included 2A = 52°. 
AB = 7°5 cm., AC = 5°4 cm., included 2A = 40°. 
AB = 6°8 cm., AC = 4'8 cm., included 2 A = 70°. 


(2) Draw a right-angled triangle in which one acute angle is 
54°. What is the other? 

(3) In a triangle ABC make 2A = 50°, 2B = 74°. What is 
2C? 

(4) Describe an isosceles triangle ABC having a vertical angle 
of 64°. What are the base angles? 


(5) Make a triangle having ~-A+ 2B= ZC. Whateis the 
magnitude of 2C? 


(6) Describe an equilateral triangle having given the altitude 
2°5 in. 
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CONSTRUCTIONS. 
Problem 12. 


Through a given point to draw a straight line parallel to a 
given straight line. 


A= =a 


Let AB be the given strt. line, and C the given pt. without it. 
CoNSTRUCTION.—From D, any pt. in AB, as centre, and 
tadius DC, draw an arc of a © cutting AB in E. With centre 
C, and the same radius (DC), draw an are of a © DF. 
With centre D, and radius = EC, draw an arc of a © 
cutting DF in F. 
Join CE, FD, CF. 
Then CF is || to AB. 
Proor.—In the quadrilateral CEDF, 
CE = FD, 
GF = ED: 
*. CEDF isa £7"; 
.. CF is || to AB. Q.E.F. 
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Problem 13. 


To draw a straight line parallel to a given straight line and 
at a given distance from it. 


<--- »--> 


EEE Ee 
A C g 

Let AB be the given strt. line, and x the given distance. 

ConstTRUCTION.—In AB take any two points C, and D, as 
near the extremities of the line as convenient. With centre C, 
and radius x, describe an arc of a ©. 

With centre D, and radius x, describe an arc ofa ©. 

Draw a common tangent EF to the two arcs of ©s. 

Then EF is || to AB. 
Give proof. 
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Problem 14. 


To divide a straight line into any number of equal parts. 


C 


Let AB be the given strt. line. 
It is required to divide it into, say, seven equal parts. 
CoNSTRUCTION.—From A draw any strt. line AC; from AC 
mark off any seven equal lengths, AK, Kl, IH, HG, GF, FE, 
ED. 
Join DB, and through E, F, G, etc., draw Ee, F/, Gg, etc., 
|| to DB. 
Then AB is divided into seven equal parts, 
Proor.—AK = KI=IH=HG.... 
and K&, lt, HA, Gg. . . . are all ||, 
— At= i= wea Ppl. . ve tees 
“. AB is divided into seven equal parts. Q.E.F. 
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Problem 15. 


Lo divide a straight line into any number of equal parts (say 


jive). 
C 


D 


Let AB be the given strt. line. 

It is required to divide it into five equal parts. 

CONSTRUCTION.—From A draw AC of any eet, and mark 
off any five equal parts. 

Through B draw BD || to AC and mark off, commencing at 
B, five parts, each equal to the parts in AC. 

Join the corresponding parts as in diagram. 

Then AB is divided into five equal parts, 
Give proof. 


Exercises. 


(1) Draw a line 8°7 cm. long, and divide it into six equal parts. 
Verify your result by measurement and calculation. 


(2) Draw a line 4°4 in. long, and cut off two-ninths, Verify 
your result by measurement and calculation, 
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Problem 16. 


To construct a plane scale (say 1 inch to the mile). 


A aemie| || ae ae 
SAre 


CoNSTRUCTION.—Take a line, AB, not less than 4 inches 
long, and divide it into inches. 

From A draw any line AC. Along AC mark off eight 
equal lengths, commencing at A, and proceed as in Prob. 14. 


Exercises. 


(1) Draw a line representing five miles three furlongs—scale, 
one inch to the mile. 


(2) The scale of a map is five inches long and represents fifty 
miles. Divide it into single miles ; also draw a line to represent 
twenty-eight miles. 


(3) On a plan thirty yards is represented by four inches. Draw 
a scale to show fifty yards, and divide it to read single yards. 


(4) Ina map one and a quarter inches represent eight miles. 
Draw a scale to show forty-five miles, and divide it to read single 
miles, 
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Problem 17. 


To construct a parallelogram having given two adjacent sides 
and the included angle, 


D Cc 
. 
/\ . an a is 


Let ¢ and / be the two given sides, and A the given Z. 
ConstTrucTION.—Draw a line AB=f. At A make 
ZL BAD = Z A, and make AD =. 
With centre D, and radius *, draw an arc ofa ©. 
With centre B, and radius ¢, draw an arc cutting the former 
arc at C. Join CD, CB; join DB. 
Then ABCD is the required (7™. 
Proor.—In /\s DAB, DCB, 
DC = AB, 
DA = CB, 
DB is common, 
”. A DAB = A DCB (I. 14); 
.. £- DBA = incl. £ BDC 
. DC || AB (I. 19). 
Also DC = AB, 
DA = CB, 
and DA, CB may also be shown to be ||, 
. Abevisa (7™. OFF 


A 
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Problem 18. 


To construct a parallelogram equal to a given triangle, and 
having one of tts angles equal to a given angle. 


A E B 


Let ABC be the given A, and D the given ¢. 
It is required to construct a (7™ equal to the A. ABC, and 
having one of its +s = D. 
CoNSTRUCTION.—Bisect AB at E. 
AtE make 2. AEF = Z D. 
Through C draw CFG || to AB, and through A draw AG || 
t0 EF; 
Then (7™ GAEF = A ABC in area. 
PRoor,—Join EC. 
Now, A AEC = A BEC (I. 28), 
. A ABC = 2A AEC. 
Again, (7™ GAEF = 2A AEC (I. 28, Cor.) ; 
*- [7™ GAEF = A ABC; 
and one of its 4s, 4 AEF = given 2D, Q.E.F. 
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Problem 19. 


To construct a triangle equal in area to a given quadrilateral 


figure. 


Let ABCD be the given quadrilateral. 
It is required to construct a A equal in area to fig. ABCD. 
CONSTRUCTION.—Join BD, and draw AE || to BD to meet 
CB produced in E. 
Join ED. 
Then EDC is the required A. 

Proor.—A EBD = A ABD (I. 28, Cor. 2) ; 

add A. BCD to each, 

then A, EDC = quadrilateral ABCD. Q.E.F. 
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Problem 20. 


To construct a rectilineal figure equal in area to a given 
rectilineal figure, with one side fewer. 


E D 
‘(] c 
v\ 
GA B 


Let ABCDEF be the given rectilineal figure. 
It is required to construct a rectilineal fig. equal in area 
with one side less than the fig. ABCD EF. 
CoNSTRUCTION.—Join AE. 
Draw FG || to EA to meet BA produced in G. 
Join GE. 
Then fig. GEDCB = fig. ABCDEF in area. 
Proor.—/\ GAE = A FAE (I. 28, Cor. 2), 
add ABCDE to each, 
”. fig. GEDCB = fig. ABCDEF. Q.E.F. 
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Problem 21, 


To construct a triangle equal in area to a rectilineal figure of 
hve sides ( pentagon). 


F A B G 


Let ABCDE be the given irregular pentagon. 
_ It is required to construct a A equal in area to the fig. 
ABCDE, 

CoNSTRUCTION.—Join AD, and through E draw EF || to 
AD to meet BA produced in F. 

Join BD, and through C draw CG || to DB to meet AB 
produced in G, 

Join FD, GD. 

Then FDG is the required A. 
Give the proof. 
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Problem 22. 


To bisect a triangle by a straight line drawn through a given 
point in one of tts sides. 


C 
F 


A DE B 


Let ABC be the given A, and D the given point in the side 
AB. 

It is required to bisect the A by a straight line drawn 
through D. 

CONSTRUCTION.—Bisect AB at E; join CD, CE. 

Through E draw EF || to CD. 

Join DF. 
Then DF bisects the A, ABC. 
Supply the proof. 


BOOK II 


IDENTITY. 
Practical Exercises introducing Theorem l. 


(1) Give a geometrical illustration of the product— 
a.b 


a and 6 representing units of lengths. 


-(2) Draw the figure illustrating the algebraical identity, and 
give explanation, @, 4, c, and & being represented by lines— 


kat+o+co=khat+hkb+ ke 
Mark the area of each rectangle 


ki ka\ k6) ke 
A F H D 


(3) Give a geometrical illustration of the following identity, with 
explanation :— 


k(atb+c+a)=hat+khb+khe+ kd 
(4) Illustrate by geometrical construction the identity— 
kia — 6) = ka — kb 
(5) Draw a diagram showing the algebraical identity— 
ab = ba 


(6) Give an illustration showing geometrically the identity— 
(a+b)(c+ da) = act+be+ad+bd 
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Practical Exercises introducing Theorem 2. 


(1) Give a geometrical illustration of the algebraical identity, 
and give explanation, a and 4 being lengths— 
(a+ bP =aat+b)+ (a+) 
Indicate the area of each rectangle. 
(2) Draw a figure illustrating the 
A a b B algebraical identity— 
(at+d4+c) = aa+64+0+0a+5+4+0) 


S| eee + ca+b+0) 
+ + + (3) Illustrate the identity— 
g| es (2a)? = 4a’ 
8 NS (4) Illustrate the identity, @ and 4 
D 


Cc representing so many units of length— 
(a+ 4) =a(a+4)+ 4(@+ 4) 
(5) Draw a figure illustrating the algebraical identity— 
(7+ 4P = 2" + 8x + 16 
(6) Illustrate the identity— 
(§+ta=25+ 100+ @ 


Practical Exercises introducing Theorem 3. 


(1) Give a geometrical illustration of the following identity, @ 
and 4 representing lengths :— 
a(at+b)=a*+ ab 
B (2) By means of a figure illustrate 
the identity— 
aa+3)=a@+4+ 3a 
(3) Draw a geometrical illustra- 
tion of the identity— 
D E aAa+6+o=@+ab+ac 


zee 


(4) By figure illustrate the identity, y and 6 representing units 
of lengths— 
7(@ + 5) = 7% + 35 
(5) Demonstrate the identity— 
awa +4) = ax+ 4x 
(6) Illustrate the identity— 
(t+ 4)4%4+3) = 2° +744 12 
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Practical Exercises introducing Theorem 4. 


(1) Give a geometrical illustration with explanation of the 
identity— 


(a+ bP =@+2ad+2 A a GE 2 B 
(2) Geometrically illustrate the 2 
following identity :— b 
(a+ o+cP=V4+ P42 4 2be G M 
+ 2ca + 2ad H 
(3) Prove by figure the identity— a a*~ ab \a 
(3a? = 9a? 
(4) Demonstrate by means of a D 
figure the identity— Qa F OG C 


(a+ 4)\(6+0=ac+dat+b4+o0) 
(5) Illustrate geometrically the following identity :— 
Cy + 6)? = eae + 36 
(6) Show by figure the identity— 
4+7)? = 16+ 8r+7 


Practical Exercises introducing Theorem 5. 


(1) Illustrate by means of a figure giving the lengths of the 
sides and areas of the contained figures, the 
identity— 

(a - bP = a — 2a64+ 6 

(2) Give a geometrical illustration of the 

algebraical identity— 
(4#-y@-y)=v—ayty’ 


(3) Illustrate by geometrical construction 
the identity— 


(x -—4P = 2*-—8r + 16 


(4) Illustrate geometrically the identity— 
(6 — da) (6 — @) = 36 — 12d + a? 

Illustrate the following identities :— 

(5) Y-NY-N=7 -l4y +49 

(6) (4-4) (%¥-—3) = 2? - 7% 4 12 
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Practical Exercises introducing Theorem 6. 


(1) Illustrate by means of a figure the identity— 


b Eas 


(a2 — 6°) = (a+ b)(a— d) 
B (2) Give a geometrical illustration 
of the identity— 
x? — 3? = (x + 3) (*— 3) 
(3) Illustrate by a geometrical 
figure the identity— 
(r+ bd) (+ -d=2x*- FP 
(4) Illustrate by a figure the 
c identity— 
y — 25 =f —5)( 7 +S) 
Geometrically illustrate the following identities :— 
(5) a? — 16 = (x + 4) (4-4) 
(6) eens — 7) (See 


A 


Practical Exercises introducing Theorem 7. 


(1) Illustrate graphically the algebraical identity— 
(a+ 6"? —(a — bP = 4ab 


Draw the square AD, and find the 
areas of the four rectangles and the small 
square. 


(2) Give a 
geometrical il- A Ec eB 
lustration of the 
algebraical 
identity— 


(é4 0) = 
C D Fad?) + aad 


_ (3) Prove the geometrical illustra- 
tion of the algebraical identity (a + 4)” 
— (a—¢) = 4ad from the given figure— 


AC =a,EC=CB=3 


(4) Repeat the above exercise, drawing a similar figure. 


Practical and Theoretical Geometry 115 


(5) What algebraical identity is 
suggested by the given figure >— A’ EB r€ B 


AG] CB =a4,CE=6 


(6) Give the 
algebraical 
identity | sug- 
gested by the 
following 
figure :—- 


CB=a,AC=CD=4 


Express your conclusion in words. 


ACD B 


Practical Exercises introducing Theorem 8. 


(1) Prove geometrically 
A C D a the algebraical identity — 


(a + 6+(a—6) = 2a? + 20° 
AC = CB 24, CD =é 


A a C26. 0D B 


(2) From the given figure 
prove the algebraical iden- 
tity— 

(a+ 6)? + (a-bY = 2a + 26? 

AG =€B—a, CD = 4| 


(3) Draw a figure illustrating the algebraical identity — 
2(c*° + d*) =(¢-—dl+(c+d) 

(4) Give a geometrical illustration of the identity— 
(a+ 6%+ (6—a)y = 2a’ + 26 


(5) Prove by figure the algebraical identity— 
Coty) eee ay ~ (* ~ VF 
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(6) Give a geometrical illustration of the algebraical identity— 
(c+ dP +(c—dp = 20 + a?) 
Express in words the conclusion you have arrived at in the 
foregoing exercises. 


SEGMENTS OF A LINE. 

In geometry by a straight line we always mean the indefinitely 
prolonged line, unless the context shows that a finite piece of it ts 
intended, 

A finite portion of a straight line ts called a segment of it. 

EXAMPLE J.—Let the straight line AB be bisected at C, 
and divided into unequals at D. AB is said to be divided 
internally. 


A D’ S D B 
Fic. I. 


EXAMPLE II.—Let the straight line AB be bisected at C, 
and Da point taken in AB produced. AB is said to be divided 
externally. 

To express the half line AC or CB and the line between 
the points of section CD in terms of the unequal = 
AD, BD— 

In Fig. I. AD + BD = AB = 2AC or 2CB, 
-- AC = CB = }(AD + DB). 
In Fig. Il. AD — BD = AB, 
. AC = CB = }(AD — BD). 


A Cc B D 
Fic. IT. 
In Fig. I., if AD’ = BD, 
~aGdD = DR 
= AD — AD’ 
= AD — BD, 
AD — BD 
CD =—_—— 
2 
AD + BD 


In Fig CO =——— 
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IDENTITY. 


Theorem l. 
Geometrical illustration of the algebraical tdentity— 


ka+b+c) = ka+ kb + ke. 


Gee 5 Cte 


ki ka\| ké\ ke 


aA-——__—__—— 
Draw two straight lines AB, BC atrt. 1s; let AB = & units 
of length, and let BC be divided at E and G into three parts, 
BE = a units of length, EG = 2 units of length, GC = ¢ units 
of length ; 
“BC =a+d-+ units of length. 
Consrruction.—Through the pts. E, &, C draw EF, GH, 


CD || to BA, each being & units of length. 
Proor.—Rect. 


FE.EG, HG.GC. 


Then rect. AB. BC = rects. AB. BE, FE. EG, HG. GC, 
But rect. AB. BC = &(a + 4 + ¢) units of area, 
And rect. AB. BE = 2. a units of area, 
a. FE .EG=£.) 
” ”) HG.GC=2.¢ +P ”) 
“RkR(at+b+c) = kha+ kb + ke. 

The result may be expressed as follows :— 

If there are two straight lines, one of which is divided into 
any number of parts, the rectangle contained by the two 
straight lines is equal to the sum of the rectangles contained 
by the undivided line and the several parts of the divided line. 


AB .BC is made up of rects. AB. BE, 


” ) 
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Theorem 2. 


Geometrical illustration of the algebraical identity— 


(2 + 6)? = a(a+ d) + b(a4 Dd). 


Let the straight line AB be divided at E into two parts, 
AE = a units of length, EB = 2 units of length; 
“. AB = a + 3 units of length. 
ConsTRUCTION.—On AB describe the sq. ABCD; through 
E draw EF || to AD. 
Proor.—Sq. ABCD is made up of rects. AE. AD, EB. BC; 
.. sq. ABCD = rects. AE. AD, EB. BC; 
But sq. ABCD = (a + 4)’ units of area, 
and rect. AE . AD =a@la@see). 5, 5; 
» » EB.BC=6@58) ,, 5, 
“. (a + 6) = a(a+ b) + d(a 4 Dd). 
The result may be expressed as follows :— 
If a straight line is divided into any two parts, the square 
on the whole line is equal to the sum of the rectangles con- 
tained by the whole line and each of the parts. 


Exercises. 


(1) The square on a straight line is equal to four times the 
square on half the line. 


(2) The square on the greater of two straight lines is equal to 
the rectangle contained by the greater straight line and the differ- 
ence between the two straight lines with the rectangle contained 
by the two straight lines. 
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Theorem 3. 


Geometrical illustration of the algebraical identity— 
aja+ 6)=a+ ab. 


jaa CO 


Let the straight line AB be divided into two parts, AC = @ 
units of length, CB = 2 units of length; 

”. AB = (a+ 2) units of length. 

CoNsTRUCTION.—On AC construct the sq. ACED, and 
through B draw BF || to AD, meeting DE produced in F. 

Proor.—The fig. AF is made up of figs. AE, CF, 

*, rect. DA. AB = sq. on AC + rect. FB.BC. 
But rect. DA . AB = a(a + 3) units of area, 
and sq. on AC = a? units of area, 
rect. FB.BC=ad , ,, 
“.a(a+b) =a*+ ab. 

The result may be expressed as follows :— 

If a straight line is divided into any two parts, the rect- 
angle contained by the whole line and one of its parts is equal 
to the square on that part, together with the rectangle contained 
by the two parts. 
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Theorem 4. 


Geometrical illustration of the algebraical identity— 
(a+b? =@+2a04+ 86. 

Let the strt. line AB be divided 
into two parts, AE =a units of 
length, CB = @ units of length; 

*. AB = (a+ 34) units of length. 

CoNSTRUCTION.—On AB de- 
scribe the sq. ABCD; on EB de- 
scribe the sq. EBHM ; produce EH, 
HM to meet DC in F and AD in 
G respectively. 

Proor.—All the figs. are rect- 
angular, and GF is also a square ; 

*, sq. on AB = sqs. on AE, EB + rects. EA. AG, CM. MH; 
But sq. on AB = (a + 4)? units of area, 
and sq. on AE = a? units of area, 
” EB 7" PP) ” 
rect. EA.AG=ad ,, »5 
rect. CM.MH=ad_ ,, ‘5 
(a+ bP =e +0 + 240, 
=@4+ 2ad4+ PF. 

The result may be expressed as follows :— 

If a straight line is divided into any two parts, the square 
on the whole line is equal to the sum of the squares on the 
two parts, together with twice the rectangle contained by the 
two parts. 


Exercises. 


(1) Any rectangle is half the rectangle contained by the 
diagonals of the square described on two of its adjacent sides. 


(2) The square on a straight line is equal to four times the 
square on half that line. 
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IDENTITY. 
Theorem 5. 


Geometrical illustration of the algebraical identity— 
(a — b)? = a? — 2ab + B. 

Let AB = a units of length. 

Cut off CB from AB = @ units 
of length. 

Then AC=(a@—4) units of length. A 

CoNsTRUCTION.—On AB draw 

~ 
sq. ABDE ; SS 
on CB draw sq. CBHF. 8 

Cut off AG fom AE = AC= \ 

(z—d) units of length. G 
Then GE = 4 units of length. RN 

Through G draw GK || to AB; 
produce FC to meet GK in M. E 

Proor.—Now, the figures are rectangular, and AM, FB are 
squares. 

. sq. on AC = the whole fig. (sq. on AB + sq. on CB) 

— rect. EK — rect. MH; 
But sq. on AC = (a — 3)? units of area 
AB = a’ units of area. 
) CB ao b? ) » 
rect. EK = a. 6 units of area 
» MH=a. b ” ) 
. (a—bP = a@ + b? — 2ab 
= a? —2ab + D*, 

The result may be expressed as follows :— 

If a straight line is divided into any two parts, the sum of 
the squares on the whole line and on one of the parts is equal 
to twice the rectangle contained by the whole line and that 
part, together with the square on the other part. 


A/D io, x 


Oo 
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Theorem 6. 


Geometrical illustration of the algebraical tdentity— 
a’ — & = (a+b) (a — d). 


6 ga-b 


B 


Let AB = a units of length; and on it describe the sq. ABCD. 
From AB cut off AE = 2 units of length, 

.. EB = (a—2) units of length. 
ConsTRUCTION.—From AD cut off AF = AE = 4 units of 
‘length. 

Through F draw FH || to DC; through E draw EG || to AD 
to meet FH in G, 
Proor.—Now, whole fig. AC = fig. AG + fig. DH + fig. EH, 
“. sq. on AB = sq. on AE + rect. CD. DF + rect. HB. BE; 
But sq. on AB = a? units of area, . 
and ” AE = 0? 9 ” 
“rect. CD . DF = a(a — 8) units of area 
» HB.BE=Aa— 9). ,; 2. 
@=6?+ a(a— bd) + (a — d); 
.@— P= (a+ d\(a —- d). 
The theorem may be expressed as follows :— 
(1) The rectangle contained by the sum and difference 
of two straight lines is equal to the difference of their squares. 
(2) Ifa straight line is divided equally and also unequally, 
the rectangle contained by the unequal parts, together with the 
square on the line between the points of section, is equal to 
the square on half the line. 
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Theorem 7. 


Geometrical illustration of the tdentity— 
(a + 2)? — (a — 6)? = 4ab 


va a Cc b8B 


Let the strt. line AB be divided at C, AC =a units of 
length, CB = 4 units of length. 
”. AB = (a+ 4) units of length. 
ConstTRuUCTION.— On AB describe the sq. ABCD, and com- 
plete the figure as shown in diagram. 
Proor.—Sq. on AB = rect. AH + rect. BF + rect. GK + 
rect. EC + sq. on EF. 
But sq. on AB = (a + 34)? units of area, 
and “fee eee — (2 — b)* 7, . 
rect. AH = a. 4 units of area, 


” BF = a = b ”) ”) 
”) GK = a \ b ”) 9”) 
EG =a. dD 


“(a+ 6)? =ab+ab+ab+ab+ (a — bd)’; 

“. (a + b) — (a — b) = gab. 

The result may be expressed as follows :— 

If a straight line be divided into any two parts, four times 
the rectangle contained by the whole line and one of the parts, 
together with the square on the other part, is equal to the 


square on the straight line which is made up of the whole and 
that part. 


124 Practical and Theoretical Geometry 


Theorem 8. 


Geometrical illustration of the identity 
(a + b)? + (a — bP = 2a + 20° 


A a Cb B D 


Let the strt. line AD be divided at C and at B, and let 
AC = CD = a units of length, and CB = @ units of length. 
”. AB = (a+ 0) units of length. 
CoNSTRUCTION.—On AC describe the sq. ACMK. 
From EF cut off EG = AC =a units of length; and on 
EG describe the sq. EGHI. 
PRoor.—Sq. on AB = sq. on AC + sq. on EG + sq. on 


CB + sq. on FG — sq. on OM. 
But sq. on AB = (a + 3)? units of area, 


and ,, AC =a’ units of area, 
+B] EG — a 9) bP) 
” CB = & ) ” 
” FG = b° 3 > B] 


5 OM = (a — 4) units of area; 
(at bpeei+eP+P4+P —(a — dy, 

. (a + b)? + (a — 6b)? = 2a* + 20%. Q.E.D. 

The result may be expressed as follows :— 

If a straight line be divided equally, and also unequally, 
the sum of the squares on the two unequal parts is twice the 
sum of the squares on half the line and on the line between 
the points of section. 


Practical and Theoretical Geometry 125 


Exercises. 


By means of figures illustrate the following identities :— 


2ab = 26a 
(4xP = 16x" 
5(@ + 6) = 5a + 30 
7(9 — #) = 63 — 72. ; 


(a+4)(¢+da)=ac+ be+ad + dd. 
(a + 6)? — (a — bf = 4abd. 
(a+ dP + (a — bP = 20? + 20". 
(~ — 4) (w — 6) = #— Ior + 24. 
25 — 7 = (5 + x) (5 — 2). 


Exercises. 


(1) A straight line is divided into two parts : show that if twice 
the rectangle of the parts is equal to the sum of the squares 
described on the parts, the straight line is bisected. 


(2) Divide a straight line into two parts, such that the rectangle 
contained by them shall be the greatest possible. 


(3) Produce a given line so that the rectangle contained by the 
whole line thus produced and the part produced is equal to a given 
square. 


(4) Make a rectangle equal to the difference of two given 
squares. 


(5) ABC is a right-angled triangle, having a given angle at C. 
From C a perpendicular is drawn, meeting AB in D: show that 
the rectangle AB.BD is equal to the square on BC. Similarly, 
show BA.AD equals the square on AC. 


(6) In a right-angled triangle the square on the hypotenuse 
equals four times the area of the triangle together with the square 
on the difference of the two sides. 


(7) If a perpendicular be drawn from the right angle of a right- 
angled triangle to the hypotenuse, the square on this perpendicular 
is equal to the rectangle contained by the segments of the hypo- 
tenuse. 


(8) Any rectangle is half the rectangle contained by the 
diagonals of the squares described upon its two sides. 
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THEOREM OF PYTHAGORAS. 


Practical Exercises introducing Theorem 9. 


(1) Construct a right-angled triangle with sides of 3 units, 4 
units, and 5 units length respectively ; upon each side describe a 


” 


2” long. Upon each side 


square. Divide each square into square 
units of area, and find out whether the 
square units in the square on the hy- 
potenuse is equal to the sum of the 
square units of the squares on the other 
two sides. 


(2) Construct an isosceles right- 
angled triangle having its equal sides 


describe a square, and join 
the opposite corners as in 
figure. Compare the areas of 
the triangles formed, and the 
sum of the areas of the squares 
on the two equal sides with 
the area of the square on the 
hypotenuse. 


(3) Draw a large-sized right- 
angled triangle ABC on a sheet 
of paper and draw squares on 
AC, CB, and the hypotenuse 
AB. Find the mid-point of 
the square on CB by drawing 
the diagonals. Through the 
centre draw two lines—parallel 
and perpendicular to AB 


respectively. Cut out the four pieces marked 1, 2, 3, 4. By super- 
position it will be found that the four pieces in this square, together 


G 


with the square on AC, exactly fit into 
the square on AB in the way shown by 
the corresponding number. 


_ (4) (@ In the opposite figure, 
given— 


AB = DE = DF 
BC = DA 


prove that AC? = AB? + BC’. 
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(b) From ue ie (1) and (11) prove that AC? = BC? + AB?, 


given CD = 
eS | 


7. a: 


a [eT 


D 


(5) Make a right-angled triangle ABC with sides of 8 cm. and 
6 cm. containing the right angle. Find the length of the hypote- 
nuse and square it. Is the square on the hypotenuse equal to the 
sum of the squares on the other two sides? 


(6) Repeat the last exercise, making the sides containing the 
right angle— 
A= 5§cm., BC = 12cm. 
Ale 4°5cm., BC = G6 em- 


What do you learn from the above experiments ? 


Practical Exercises introducing Theorem 10. 


(1) Construct a triangle ABC, given AB = 3cm., BC = 4cm., 
CA=5cm. Measure the angle ABC. What kind of an angle 
is it? 

(2) Square the lengths 8 cm. and 6cm.; find the sum of their 
squares, and extract the square root of their sum. Take the 
square root as the length of the third side of a triangle, and con- 
struct the triangle. Measure the angle formed by the sides 8 cm. 
and6cm. How many degrees does it contain? 


€ (3) Square the length of the sides 
“Ax AB, AC, and get the square root of the 
sum of their squares. Let this be the 
length of the hypotenuse of the triangle 
ABC. Make the triangle, and find the 
value of the angle ABC. 
BR —— (4) er 
—— a xercise 3, sub- a ¢ 
aot B stituting the 
values AC = 9'4, CB = 7°38 cm. What do 
you learn from the above exercises ? 
Determine whether or not the following 
triangles are right-angled :— 
14 cm., 48 cm., 50 cm. mo 
5 cm., 12 cm, 13 cm. A<- 9:4cem. ~~? 
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SQUARES ON SIDES OF A TRIANGLE. 


Practical Exercises introducing Theorem 11. 


(1) Construct any large obtuse-angled triangle ABC. On the 
three sides draw squares, and complete the figure as shown in 
diagram. By measurement and calculation prove that in area— 


(a) BK = GA + HA. 

) CK See. 

'(¢c) BC? = BA? + AC? + HA+LA 
= BA? + AC?+ 2BA.AD. 


chee * 
G as a, F 
| | | 
K M 
(2) Confirm the above results by another experiment. 


(3) By calculation prove that— 
AB? = AC? + CB? + 2AC.CD., 


Coes 
O 


A B 


_ (4) Repeat Exercise 3, but taking a different obtuse-angled 
triangle. 
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(5) Prove arithmetically that— 
AC? = AB? + BC? + 2AB. BD. 
C 


A -3:5cmB D 
(6) Arithmetically prove that— 
; BC? = DC? + BD? + 2CD. DA. 
What do you conclude from the above exercises ? 


D saaeccm. ae 


Practical Exercises introducing Theorem 12. 


(1) Construct any large acute-angled triangle ABC. On the 
three sides describe squares, and complete the construction as in 
figure. By measure- E 
ment and calculation 
show that in area— 


(2) BH = KD. 
(6) CH = FR. 
(c) BC? = AB? + AC? 

—~LD-—MR 

= AB? + AC? K 

—2BA.AD. FE 


(2) Repeat the 
above exercise, taking 
another acute-angled 
triangle to confirm the 
last results. 
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(3) By calculation prove that— 
AC? = AB? + BC? — 2AB. BD. 


! 
| 
| 
J 
| 
A D B 
(4) Prove arithmetically that— 
AC? = AB? + BC? — 2BC.CD: 


(5) Prove arithmetically that— 
AB? = AC?4+ BC? — 2BC.CD. 


A 


fark 


(6) Show that— 
AC? = AB + BC? — 2AB. AD. 
What do you gather from these exercises? 
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PYTHAGORAS’ THEOREM, 
Theorem 9. 


In a right-angled triangle the square described on the hypo- 


tenuse 1s equal to the sum of the squares described on the other 
two sides. 


Let ABC be art.-angled A, 
having the 4 BAC art. Z. 
Upon AC, BA, BC let the 
sqs. AK, AF, BE be respec- 
tively described. 
Then 
sq. BE = sq. AF + sq. AK. 
ConsTRUCTION.—Through 
A draw AL || to BD. 
Join CF, AD. 
PROOF.— 
"> adj. 2s CAB, BAG arert. Zs, 
.. CA, AG are in the same 
straight line (I. 2). 
Sim’’ BA, AH are in the same straight line. 
Now, 24 FBA= ~< CBD, 
To each add 2 ABC, 
ae. = 4ABD, 
Hence in /\s ABD, FBC, 
AB = FB, 
BD = BC, 
aw = £ FBC, 
.. As ABD, FBC are congruent (I. 7). 
Now, the sq. AF is double of the A FBC, 
‘ they are on the same base and of the same altitude (I. 28). 
Also the £7™BL is double of the A, ABD (Cor. 3, I. 28), 
eee ek = Sq. AF; 
Dilla CL = sq. AK; 
. the whole sq. BE = sq. AF + sq. AK. Q.E.D. 
(This theorem is known as the Theorem of Pythagoras.) 
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Theorem 10. 


Tf the square described on one side of a triangle is equal to the 


sum of the squares described on the other sides, then the angle 
contained by these two sides is a right angle. 


A D 


B C eS Fi 


Let ABC be a A, and square on AB = sum of squares on 
BC, CA. 

Thea ACB = it. 2 
CONSTRUCTION.—Make a A DEF in which DFE = rt. /, 
DF = AC, and EF = BC. 

PROOF.— ee Lt) S eg ae 
‘*, sq. on ED = sq. on EF + sq. on DF (II. 9) 
= sq. on BC + sq. on AC (Const.) 
= sq. on AB (Hyp.) ; 


om = AB 5 
*. in As ABC, DEF, 
AB = DE, 
BC = EF, 
AC = DF, 


.. Z\s ABC, DEF are congruent (I. 14) ; 
. . ACB = / DFE. 
But 2 DEE= rt. 2. (Gong); 
. 2 eee = rt. 2. ASD, 


Exercises. 


(1) Describe a square equal to the sum of three or more 
squares. 


(2) Describe a square equal to the difference of two squares. 


(3) Divide a straight line into two parts, so that the square on 
one part is double of the square on the other. 
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(4) The square on the side subtending an acute angle of a 
triangle is less than the squares on the sides containing the acute 
angle. 


_ (5) The square on the side subtending an obtuse angle of a 
triangle is greater than the squares on the sides containing the 
obtuse angle. 


(6) Squares standing on equal straight lines are equal. 


(7) If any point P be joined to A, B, C, D, the angular points 
of a rectangle, the squares on PA and PC are together equal to 
the squares on PB and PD. 


(8) Squares which are equal stand on equal bases. 


(9) Prove that the square on the diagonal of a given square is 
double that of the given square. 
(10) Divide a straight line into two parts, such that the sum of 
their squares shall be equal to a given square. 
(11) Determine whether or no the following triangles are right- 
angled :— 
4% em., 6 cm., 7°5 cm: 
5 cm., 12 cm., 13 cm. 
14 cm., 48 cm., 50 cm, 


Projections. 


B 


A L X 


If AX is an indefinite straight line, if AB is a finite straight 
line, and BL is a perpendicular, then AL is called the pro- 
jection of AB on AX. 


If AL, BM are perpendiculars to XY, LM is called the 
projection of AB on XY. : 
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SQUARES ON SIDES OF A TRIANGLE. 


Theorem ll. 


In an obtuse-angled triangle, the square on the side opposite 
the obtuse angle is greater than the sum of the squares on the sides 
containing the right angle by twice the rectangle contained by one of 
those sides and the projection on it of the other. 


C 


=--y5--- 


B C. kee 


Let the A. ABC have 2 BAC obtuse; let CD be the 1 
from C to meet BA produced at D; 
.. AD = projection of AC upon BA. 
fet BC = @, BA. 2 AC =o, AR v4, CD == 
Then BC? = CA® + BA® + 2BA. AD. 
PROOF.— *. BDC is a rt.-angled A, 
.. BC? = BD? + DC? (II. 9), 
~@=(c+aPrt+o 
=C+4+ 2d+a44+ x’. 
*, ADC is a rt.-angled A, 
wwe es 7° doar 
C= P4+C 4+ 2c; 
.”, BC? = CA’ + BA? + 2BA. AD. Q.E.D. 
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Theorem 12. 


Ln any triangle, the square on the side opposite an acute angle 
is less than the sum of the squares on the sides containing the 
acute angle, by twice the rectangle contained by one of those sides 
and the progection on tt by the other. 


C C 


A-@D B 


Let A ABC have 2 ABC acute; let CD be the 1 from 
C upon AB, or AB produced, 
.. BD = projection of CB upon AB. 
Let Ab-==2- BC = J, CA=2 DB = x, CD=z, 
Then AC’ = AB’ + BC’ — 2AB. BD. 


PROOF.— *, ADC is a rt.-angled A, 
AC? = AD? + DC? (II. 9); 
In fig. 1 -¢ =(¢@¢—a)4¢; 
In fig. 2 “2 = (« ap a’; ; 


.”. in the two figures 
C= a — 2ax+2+4+ a’. 
*. BDC is a rt.-angled A, 
ee = oie 
ne = ¢ gore o, 
°. AC? = AB’ + BC’ — 2AB. BD. 
Q.E.D. 


Exercises. 


(1) Describe an isosceles triangle, having the square on the 
base equal to three times the square on either of the equal sides. 
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(2) The square on the base of an isosceles triangle is equal to 
twice the rectangle contained by either side, and by the straight 
line intercepted between the perpendicular let fall on the side from 
the opposite angle and the extremity of the base. 


(3) The sum of the squares on the sides of a parallelogram is 
equal to the sum of the squares on the diagonals. 


(4) In any quadrilateral the squares on the diagonals are 
together equal to twice the sum of the squares on the straight lines 
joining the middle points of opposite sides. 


(5) A square BDEC is described on the hypotenuse BC of a 
right-angled triangle ABC. Show that the squares on DA and 
AC are together equal to the squares on EA and AB. 


(6) Prove that three times the sum of the squares on the sides 
of a triangle is equal to four times the sum of the squares on the 
medians of the triangle. 


(7) A side AB of an isosceles triangle ABC is produced to D, 
so that ABD = AB. Show that BD? = 2BC? + AB?*. 


(8) The sum of the squares on any two sides of a triangle equal 
twice the sum of the squares on half the base, and on the line 
joining the vertical angle with the middle point of the base. 


Exercises on Book II 


(1) The square of the perpendicular upon the hypotenuse of a 
right-angled triangle from the right angle is equal to the rectangle 
under the segments of the hypotenuse. 


(2) The sum of the squares of the diagonals of any parallelo- 
gram is equal to the sum of the squares of the sides. 


(3) If perpendiculars are drawn from the three angles of any 
triangle to the opposite sides, or sides produced, the sum of the 
squares on the alternate segments of the sides are equal. 


(4) Divide a given straight line into two such parts that the 
rectangle contained by them shall be greatest possible. 


(5) Show that the square on the sum of two straight lines 
together with the square on their difference are double the squares 
on the two straight lines, 


(6) ABC is a triangle in which B is a right angle, and DE is 
drawn from a point D in AB perpendicular to AC. Prove that the 
rectangle CA. AE equals the rectangle BA. AD. 


(7) Divide a given straight line into two such parts that the 
sum of their squares shall be equal to a given square. 


(8) The square on the side subtending an obtuse angle of a 
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triangle is greater than the squares on the sides containing the 
obtuse angle. 


(9) If a straight line AB be divided in medial section in the 
point C, then AB? + BC? = 3AC?. 


(10) Construct a rectangle equal to the difference of two 
squares. . 


(11) The sum of the squares on the sides of a parallelogram is 
equal to the sum of the squares on the diagonals. 


(12) To produce a given straight line so that the rectangle 
contained by the former and another given line shall be equal to 
the square on the part produced. 


(13) Produce a given line so that the rectangle of the whole 
line produced and the original line shall be equal to a given 
square. 


(14) Construct a rectangle equal to a given square when the 
sum of two adjacent sides of the rectangle is equal to a given line. 


(15) Find the side of a square equal in area to a given equi- 
lateral triangle. 


(16) Any rectangle is equal to half the rectangle contained by 
the diagonals of the squares upon its sides. 


(17) Find the side of a square equal in area to a given equi- 
lateral triangle. 


(18) ABC is a right-angled triangle having a right angle at C. 
From C a perpendicular is drawn meeting AB in D. Show that 
the rectangle AB.BD is equal to the square on BC. Similarly 
prove that BA. AD equals the square on AC. 


(19) Divide a straight line into two parts so that the square on 
one part is double of the square on the other. 


(20) Ina triangle whose vertical angle is a right angle a straight 
line is drawn from the vertex perpendicular to the base. Show that 
the square on either of the sides adjacent to the right angle is 
equal to the rectangle contained by the base and the segment of it 
adjacent to that side. 


(21) ABC isan equilateral triangle, and AD is the perpendicular 
drawn from Ato BC. Show that the square on AD 1s three times 
the square on BX. 


(22) Describe a square equal to the sum of two squares. 


(23) Any rectangle is half the rectangle contained by the 
diagonals of the squares described upon its two sides. 


(24) If a straight line DE be drawn parallel to the base BC of 
an isosceles triangle ABC, and the points B, E be joined, the square 
on BE shall be equal to the rectangle contained by BC and DE 
together with the square on CE, 


BOOK III, 


The Circle. 


The circle is the most perfect of plane figures; it is also 
the simplest form of a curved line. 

A circle is a plane figure contained by one line, which is 
called the circumference, and is such that all 
straight lines drawn from a certain point within 
the figure to the circumference are equal to one 
another. This point is the centre of the circle. 

A radius of a circle is a straight line drawn 
from the centre to the circumference. 

A diameter of a circle is a straight line drawn through the 
centre and terminated both ways by the circumference. 

A semicircle is the figure bounded by a diameter of a 
circle and part of the circumference cut off by the diameter 
on one side. 

A segment of a circle is the figure bounded by any straight 
line and part of the circumference which it cuts off. 

A chord of a circle is a straight line joining any two points 
on the circumference. 

An arc of a circle is any part of the circumference. 

A chord divides the circumference into 
two arcs. If the arcs be unequal, the greater 
one is called the major arc, the less is the 
minor are. 

A secant is a chord produced both ways. 


Practical Exercises on the Circle. 


(1) From a given point A describe a circle. Indicate— 
(a) the centre, 
(6) the circumference. 


(2) Describe any circle ABC. 


(2) Through the centre draw a straight line terminating 
both ways by the circumference (diameter), 


re 
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(6) From the centre draw a straight line to the circum- 
ference (radius). 

(<) Measure the lengths of the diameter and radius: 
compare the results. State your conclusion. 


_ (3) Describe a circle, and draw its diameter. How is the circle 
divided ? Use tracing-paper to prove your answer. 


(4) Describe a circle of radius 1°5 in. ; draw its diameter and 
several other parallel straight lines. Measure the length of the 
lines and tabulate them in order of magnitude. What do you 
observe ? 


(5) Draw a circle ABC having a radius of 2 in. In it drawa 
chord AB. Show by shading which is a segment of the circle. 


(6) Describe any circle showing a chord, a segment, a sector, 
arcs major and minor. 


CHORD AND CENTRE. 
Practical Exercises introducing Theorem l. 


(1) In a circle draw a chord ; bisect the chord ; join the centre 
of the circle to the mid-point of the chord. Measure the adjacent 
angles so formed. What do you observe? 


(2) In a circle draw several chords ; bisect them, and join their 
mid-points to the centre of the circle. What do you notice? 
State your conclusion. 

(3) Ina circle draw a chord. From the centre of the circle 
draw a perpendicular to the chord. Measure the segments of the 
chord. 

(4) In a circle draw several chords. From the centre of the 
circle draw perpendiculars to the chords ; measure their segments. 
What do you conclude? 

(5) In a given circle draw any chord. Prove that the line 
joining the centre of the circle to the mid-point of the chord is 
perpendicular to the chord. 


(6) Two chords of a circle are given in position and magnitude ; 
find the centre of the circle. 


To OBTAIN THE CENTRE. 
Practical Exercises introducing Theorem 2. 


(1) Draw a circle passing through any three points not in a 
straight line ; join the three points and bisect the lines perpendicu- 
larly by straight lines. The point where the bisectors meet is the 
centre of the circle. 
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(2) Describe a circle passing through any three points A, B, C, 
not in a straight line. Which is the locus of all the points 
equidistant from AB, BC respectively? Which point, therefore, is 
equidistant from A, B,C? Can any other point be equidistant 
from A, B, C? How many circles can pass through A, B, Cz 
Write down your observations. 

(3) Draw any circle ABC ; take D any point without the circle. 
With D as centre, and taking different radii, draw a number of 
circles cutting the circle ABC. In how many points does each 
circle intersect the circle ABC? 


(4) Describe a circle about the triangle ABC, AB = 2’9 in., 
Ate —2'5.in., CB ae ae, 

(5) Describe a circle about an isosceles triangle ABC, AB = 
AC = 5°6 cm., BC = 472 cm. 

(6) Describe a circle which shall pass through three given 
points A, B, C, not ina straight line, the point B being 6°4 cm. 
distant from A, the point C being 4 cm. distant from A, and also 
5°6 cm. from B. 


CONGRUENCE OF CIRCLES. 
Practical Exercises introducing Theorem 3. 


Use of Compasses and Scale for finding the length of a curved 
line. 


Draw a curved line, AB. Within the legs of the compasses 
take a small unit of length, the 
smaller the better, and, starting 

=o oe from A, see how many times 

A c 8 that unit of length is contained 

in the curved line AB, Ifthere 

be a fraction of the unit over, as CB, take that distance between 
the compasses and measure it on a scale. 

N.B.—This method is only an approximation, as one is 

measuring a number of chords. 


(1) Describe two equal circles of radius not less than 1°5 in. 
At their centres make angles of 53°. Measure by means of 
compasses and scale the length of the arcs of the circle. What 
do you learn? 


(2) On tracing paper draw another similar circle to those in 
Exercise 1, also having an angle of 53° at the centre. By super- 
position of this circle upon each of the above circles state what you 
observe about the arcs. 


(3) Draw two equal circles ; mark off arcs on the circumferences 
equal to the radius. Measure the angles subtended by these arcs, 
and compare the magnitudes of the angles. 


Practical and Theoretical Geometry 141 


(4) Make a similar circle to those in Exercise 3 on tracing- 
paper, and mark off an arc equal to the radius. By superposition 
of this circle upon each of the above circles compare the values 
of the angles subtending the arcs. What is your conclusion? 


(5) D is a point in the circumference of a circle equidistant 
from the radii CA, CB. Prove by construction that arc AD equals 
arc BD. 


(6) AB, AC are a chord and diameter meeting at a point A in 
the circumference of a circle. Show that the radius drawn parallel 
to AC bisects the arc BC. 


Practical Exercises introducing Theorem 4. 


(1) Describe two circles ; in each make R equal chords AB, CD 
respectively. Measure the lengths of the arcs, using compasses 
and scale, and compare their lengths. 


(2) On tracing-paper describe a similar circle to one in Exercise 
I, and draw a similarchord. Applythe circle on each of the above 
circles. Compare the major and minor arcs cut off by the chord 
of the one, with the major and minor arcs cut off by the chord of 
the other. Give conclusion. 


(3) Draw two circles; mark off equal arcs. Measure the 
length of the chords. What do you notice? 


(4) Applying the method described in 2, tell what you learn 
about the relation between the equal arcs in two equal circles and 
the chords of the arcs. 


(5) In a circle place six chords each equal to the radius; in 
another circle place twelve chords each equal to half the radius. 


(6) Inscribe a quadrilateral ABCD in a circle, making AB 
equal to CD. Prove that AC equal BD. 


Practical Exercises introducing Theorem 5. 


(1) Ina circle draw various chords at different distances from 
the centre. Measure their lengths. What do you observe? 


(2) Draw a circle ; in it draw a few equal chords. Compare 
their distances from the centre, Do the results agree? 


(3) In a circle draw equal pairs of lines from the centre, not 
touching the circumference of the circle ; at right angles to these 
lines draw chords. Measure the chords. What are your obser- 
vations? 


(4) Calculate arithmetically the length of a chord which stands 
at a distance of 6 in. from the centre of a circle radius 1°4 in. 
Test answer by measurement. What is your error of construction ? 
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(5) Find the locus of the mid-points of chords 6 cm. in length 
in a circle of radius 5 cm. 


(6) Find the radius of a circle given that a chord 3 in. long is 
2 in. from the centre. Verify result by construction. 


Exercises on Theorems 1 to 5D. 


(1) AB, AC are two equal chords of a circle. Show that the 
straight line which bisects the angle BAC passes through the 
centre of the circle. 


(2) Two chords of a circle are given in position and magnitude. 
Find the centre of the circle. 


(3) Describe a circle that shall pass through two given points 
3 4 in. apart, having a radius of 2 in. 


(4) ABC, DBC are two triangles on the same base and on the 
same side of it. Make AB equal to BD, and prove that AC and 
CD are equal. 


(5) Show by construction that the parts of a straight line inter- 
cepted between the circumferences of concentric circles are equal. 


(6) Given the arc of a circle, describe the whole circumference 
of which the given arc is a part. 


(7) Bisect the arc AB of any circle in C. Prove that the chord 
AB is less than twice the chord AC. 


(8) Given that a chord 12 cm. long is distant 2°5 cm. from the 
centre, calculate (1) the length of a chord distant 5 cm. from the 
centre; (2) the distance from the centre of a chord 6 cm. long. 
Check your results by measurement. 


(9) AB is an arc of a circle bisected in C. Construct a chord 
AD equal to half the chord AB, and prove by measurement that 
the arc AD is less than the arc AC. 


(10) Draw a chord of a circle— 
(a) equal and parallel to a given chord. 
(6) equal and perpendicular to a given chord. 


TANGENCY. 
Practical Exercises introducing Theorem 6. 


_ (1) Draw a straight line CD, bisecting the straight line AB at 
right angles in D. With centre C draw a circle, cutting AB in 
two coincident points 21 and y'. Continue the process of drawing 
circles till CD is used as radius. Compare D2? and Dy!, Da® and 
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Dy? ... Datand Dy! ... How does the last circle meet AB? 
What do you learn? 


ZLY 
af SoD yhy*y : 


(2) Draw a straight line perpendicularly through the point of 
contact of a tangent toacircle. Where does the line pass? 


(3) Draw a large circle and a line touching it by moving a 
ruler till the chord vanishes. Find by construction the exact point 
of contact. 


(4) In any circle join the centre to the point of contact of a 
tangent. Measure the angles so formed, and tell what you observe. 


(5) Draw a tangent to a circle which is— 
(a) parallel. 
6) perpendicular to a given straight line. 
perp g g 


(6) Prove that a chord makes equal angles with the tangents 
at its extremities. 


Practical Exercises introducing Theorem 7. 


(1) Take a point A outside a circle whose centre is D; join 
AD. Describe a circle on AD, cutting the circle at B and C; 
join AB, AC. What are the magnitudes of the angles ABD, 
ACD? Compare the angles ADC, ADB and the lengths AB, AC, 
Give your inferences. 


(2) Find a point A outside a circle, such that the tangents from 
A to the circle may include an angle of 80°. 


(3) What is the greatest angle which tangents to a circle can 
include, and what is the least? Prove by construction. 


(4) Find a point D outside a circle, such that the length of the 
tangent from D tothe circle is 1°5 in. Find all the points fulfilling 
these conditions, and join them. 


(5) Two parallel tangents meet a third tangent at E and F. 
Prove that EF subtends a right angle at the centre. 


(6) Describe a circle to touch two given parallel straight lines 
and a given straight line which intersects them. How many 
solutions are there ¢ 


L 
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CONTACT OF CIRCLES. 
Practical Exercises introducing Theorem 8. 


(1) Draw a circle with A as centre cutting another circle in two 
coincident points x, y. Continue the process of drawing circles 
with A as centre till one circle touches the other at z4y*; z.e. meets 
it in two coincident points. Indicate the point of contact. 


(2) Draw two circles touching externally; join their centres. 
Prove that the point of contact of the two circles lies in the straight 
line through the centres. 


(3) Describe two circles touching internally. Join their centres, 
and produce the line both ways through the circles. Prove that 
the point of contact of the two circles lies in the straight line 
joining the centres. 


(4) Draw four circles of unequal radii each touching two and 
only two of the others. Show that a circle can be inscribed in the 
quadrilateral formed by joining the centres. 


(5) Draw a number of circles of radius 2 in. to touch a circle of 
radius 2 in., and enclose it. 


(6) Describe two circles touching each other externally at A, 
and touched by a straight line at B and C, and prove that BAC 
is a right angle. 


ANGLES AT CIRCUMFERENCE. 
Practical Exercises introducing Theorem 9Q. 


Compare the angle which an arc of a circle subtends at the 
centre with the angle it subtends 
at any point on the remaining 
part of the circumference. 


_ (1) Where the centre O is 
within the angle at the circum- 
ference. 


_ (2) Where the centre O is 
without the angle at the circum- 
ference. 


(3) Find and compare the 
magnitudes of the marked 
angles in a figure similar to the 
given one. 

Also give— 
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(a) the sum of the angles at the centre. 
(6) the sum of the angles CAD, ADB. 
(c) the sum of the angles DBC, BCA. 


(4) Construct an isosceles triangle having a base of 2°4 in. and 
a vertical angle of 70°. Where would you look for the vertex of 
another triangle on the same base but having a vertical angle of 


35°? 
(5) Draw a circle and a diameter, and on the circumference of 


the circle mark any four points. Measure the angle subtended by 
the diameter at each of these points. 


(6) Repeat exercise 4, substituting angles 40° and 80° for angles 
70° and 35° respectively. 


ANGLES IN A SEGMENT. 


Practical Exercises introducing Theorem 10. 


(1) Draw a circle ; in the same segment which is made greater 
than a semicircle make two angles. Measure and compare the 
magnitudes of these angles at the circumference. What is 
observed ? 

Compare their magnitudes with the angle which is subtended 
at the centre. 


(2) Repeat the above exercise with the segment equal to a 
semicircle. 


(3) Repeat exercise 1, with the segment less than a semicircle. 
Give observations. 


(4) AB is the chord of the segment of a circle. C is 
any point on the arc of the segment. Prove that the sum of the 
angles CAB, CBA is the same for every position. 


(5) Draw two chords AB, CD of a circle intersecting at E; 
prove that the triangles PED, CEB are equiangular. 


(6) D is any point on the arc of a segment of which AB is the 
chord. Prove that the sum of the angles DAB, DBA is constant. 


Practical Exercises introducing Theorem lI. 


(1) Draw a circle ABC; make an angle— 
(az) in a semicircle. 
(4) in a segment greater than a semicircle. 
(c) in a segment less than a semicircle. 
Give the magnitudes of the angles and state whether the angles 
are equal to, greater than, or less than a right angle. 


(2) Show that a circle described on the hypotenuse of a 
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right-angled triangle as diameter passes through the opposite 
angular point. 


(3) A, B, C, D are points on a circle; the diagonals meet at E. 
Prove that the triangles ABE, DCE are equiangular, and also that 
the triangles BED, AEC are equiangular. 


(4) Prove that the circle described on a side of an isosceles 
triangle bisects the base. 


(5) A system of right-angled triangles is described upon a given 
straight line as hypotenuse, Find the locus of the opposite angular 
points. 


(6) Describe a square equal to the difference of two squares. 


Concyc.Lic PorntTs. 
Practical Exercises introducing Theorem 12. 


(1) On the same side of a straight line AB construct two 
triangles ABD, ABC, having the angle at D equal to the angle 
at C, Prove by construction that the four points A, B, C, D lie on 
a circle. 


(2) In a triangle ABC, BE, CF are altitudes. Show by 
construction that all the four points lie on a circle. 


(3) Prove that all the triangles drawn on the same base and 
with equal vertical angles, have their vertices on an arc of a circle 
of which the given base is the chord. 


A (4) Draw a similar figure to the given 
diagram. Draw a circle round ABC; does 
B it pass through D? 


(5) Draw any circle and take four points 
A, B, C, D upon it. Find the sum of the 
angles BAC, BCD; and also the sum of 
the angles ABC, ADC, 


(6) Draw four straight lines AC, CB, 
AD, DB, making angle C (65°) equal to 


D angle D (see Fig. 4). Describe a circle 
round A, B, C, D. Does the circle pass 
C through D ? 


Practical Exercises on Theorems 6 to 12. 


(1) Draw a circle and circumscribe a parallelogram about it. 
Prove by measurement of sides and angles that the parallelogram 
is a rhombus. 
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(2) Prove that if two circles whose centres are A and B touch 
one another internally, and a straight line be drawn through their 
point of contact, cutting the circumference at C and D, the radii 
AC and BD are parallel. 


(3) Draw two tangents to a circle, (@) at right angles, (4) at an 
angle of 120°. 


(4) AB and AC are two tangents to a circle whose centre is D. 
Prove that AD bisects the chord of contact BC at right angles. 


(5) Through a given point, within or without a circle, draw a 
chord equal to a given straight line. 


(6) AB is any chord of a circle, AC the diameter through A, 
and AD the perpendicular on the tangent at B. Prove that AB 
bisects the angle DAC. 


(7) Two chords intersect at A and B, and through A any 
straight line CAD is drawn terminated by the circumference. 
Show that CD subtends a constant angle at B. 


(8) Show that the four circles drawn with the sides of a 
rhombus for diameters have one point in common. 


(9) Through one of the points of intersection of two circles 
draw a chord of one circle which shall be bisected by the other. 


(10) Draw a circle on one of the equal sides of an isosceles 
triangle as diameter. Prove by measurement that the circle 
passes through the middle point of the base. 


(11) Find the angle in a segment of a circle, the chord of the 
segment being 5 cm. and the height 3 cm. 


(12) Two circles intersect at P,Q. Through P diameters PA, 
PB of the two circles are drawn. Show that AQ, QB are in the 
same straight line. 


CycLIC QUADRILATERALS, 
Practical Exercises introducing Theorem 13. 


(1) Construct a quadrilateral by joining any four points in the 
circumference : find the sum of each pair of opposite angles. 


(2) Repeat Exercise 1 on a larger scale. What do you con- 
clude from your observations? 


(3) The side AB of a quadrilateral ABCD inscribed in a 
circle is produced to E. Prove that the exterior angle CBE equals 
the interior opposite angle ADC. Give the result in words. 


(4) Inthe circle ABC inscribe a parallelogram ABCD. Measure 
the sides and angles, and prove that the parallelogram ABCD isa 
rectangle. 
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(5) A quadrilateral ABCD is inscribed in a circle having the 
angle at A equal to 60°. E is the centre of the circle. Prove that 
the angles EBD, EDB equal the angles CBD, CDB. 


(6) The sum of two opposite angles of a quadrilateral is equal 
to two right angles. Prove that the perpendiculars drawn to its 
four sides at their middle points meet in a point. 


Practical Exercises introducing Theorem 14. 


(1) Construct a quadrilateral ABCD, having its opposite angles 
supplementary, and prove that the quadrilateral is cyclic. 


(2) Repeat Exercise 1, taking another quadrilateral with its 
opposite angles supplementary. 


(3) Prove that if one side of a quadrilateral is produced, and 
the exterior angle so formed is equal to the interior opposite angle, 
then the quadrilateral is cyclic. 


(4) If the exterior angles of a quadrilateral are bisected by four 
straight lines, prove that the quadrilateral formed by these lines is 
cyclic. 

(5) BE, CF are two altitudes of a triangle ABC and intersect 
at G. Prove that AEGF is a cyclic quadrilateral. 


(6) Draw a quadrilateral ABCD, making the angles ABC, 
ADC equal to 180°. Describe a circle about ABC, and see whether 
the circle passes through D. What is your conclusion? 


ANGLES IN ALTERNATE SEGMENT. 


Practical Exercises introducing Theorem 15. 


(1) Show by experiment that if a straight line touch a circle 
and from the point of contact a chord be drawn, the angles which 
this chord makes with the tangent are equal to the angles in the 
alternate segments-— : 
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Zé. £BCD = ~ in alternate segment CED 
4 ACD = <¢ in alternate segment CFD. 


E 
D 


= Cc B 


(2) Draw a segment of a circle which contains an angle of 50°, 
taking AB, 2°4 in. long, as chord. (See Problem 6.) 

(3) Draw a segment of a circle containing an angle of 75°. 

(4) At a given point A on a circle draw the tangent without 
finding the centre of the circle. 

(5) In a circle of 1°5 in. radius inscribe a triangle having its 
sides parallel to three given straight lines, 

(6) On a base 2°4 in. construct an isosceles triangle having a 
vertical angle of 80°. 


PROPERTIES OF RECTANGLES. 


Practical Exercises introducing Theorem 16. 


(1) If two chords of a circle intersect at a point inside the circle, 
the rectangle contained by the segments of the one is equal to 
that contained by the segments of the other. Prove the statement 
by measurement, etc. 

(2) If two chords of a circle subsect at a point outside the 
circle, the rectangle contained by the segments of the one is equal 
to that contained by the segments of the other. Test the accuracy 
of this statement. 

(3) Two circles intersect at A and B. Prove that AB produced 
bisects their common tangent. 

(4) Two circles intersect at A and B, and through any point in 
AB, their common chord, two chords are drawn, one in each circle. 
Prove that their four extremities are concyclic. 

(5) ABC is a triangle right-angled at C, and from C a per- 
pendicular CD is drawn to the hypotenuse. Show that the square 
on CD is equal to the rectangle AD. DB. 

(6) If two circles cut one another, the tangents drawn to the two 
circles from any point in the common chord produced are equal. 
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Miscellaneous Exercises. 


(1) Describe a circle to touch three given straight lines. 


(2) Describe a circle to pass through a given point and touch a 
given straight line at a given point. 


(3) Given part of the circumference of a circle, find the centre 
and complete the circle. 


(4) Trace the circumference of a coin, and find the centre of 
the circle traced out. 


(5) Describe a circle to pass through a given point, and to touch 
a circle at a given point. 


(6) Draw a circle to pass through a given point, and to touch a 
given straight line at a given point. 


(7) Describe a circle of 1°5 in. radius to touch two circles of 
radii 1°3 in. and 1 in. respectively. 


(8) Draw two transverse common tangents to two given non- 
intersecting circles. 


(9) Draw two exterior common tangents to two circles. 


(10) Draw segments of circles containing angles equal to (a) 
60°, (6) 45°, (c) 84°, (d) 70° respectively on given straight lines. 


(11) In a given circle inscribe a triangle equiangular to any 
given triangle. 


(12) Draw a large scalene triangle. Inscribe a circle in the 
triangle. 


(13) Describe an equilateral triangle about a given circle. 


(14) Describe a circle to pass through two given points A, B 
8 cm. apart and to have a radius of 6 cm. 


15) Put in a circle, end to end, six chords equal to the radius. 
5 ; q 


(16) Construct a triangle given the base 3 in., and one angle at 
the base 30°, radius of circumscribing circle 2 in. Find the mag- 
nitude of the vertical angle at A. 


(17) Find the length of the minor and major arcs cut off from 
a circle of radius 6 cm. by a chord of 5 cm. 


(18) Calculate the lengths of chords of a circle of radius 2 in., 
whose distances from the centre are (@) 1°5 in., (6) 1°2 in., (¢) I in. 
Check results by measurement. 


(19) In a square describe four equal circles. 


(20) Describe a circle to pass through two given points. 
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(21) Draw a circle to touch three equal circles so as to enclose 
them all. 


(22) Describe three equal circles, each touching the other two, 
and describe another circle round the other three. 


(23) Draw tangents to a circle of radius 3 in. from a point 
1°5 in. outside the circle. Calculate and measure the length of the 
tangents. 


(24) Describe two circles of radius 2 in. and 1°4 in., having their 
centres 4 1n. apart. Draw the two exterior common tangents. 


(25) Draw a triangle on a base 4 in. long having a vertical 
angle of 70°. 


(26) Construct a triangle on a base 4 in. having a vertical angle 
of 60°, and an area of 7°6 square inches. 


(27) Ina circle describe a triangle having its sides parallel to 
three given straight lines. 


(28) On a base of 3 in. describe an isosceles triangle with a 
vertical angle of 56°. 


(29) Inscribe a square in a circle of radius 3‘9 cm. 


(30) Circumscribe a square about a given circle of radius 
5°4 cm. 


(31) You are given the base, the altitude, and the radius of the 
circumscribing circle. Describe the triangle. 


(32) Inscribe an equilateral triangle in a circle whose diameter 
is 2°4 in. 

(33) Construct a triangle ABC given the angle at A, the side 
AB, and the length of the perpendicular from A to BC. 


(34) Draw a circle of radius 1°5 in. Draw two tangents inclined 
at 60° to one another. 


(35) Inscribe a circle in a given rhombus. 


CHORD AND CENTRE. 


Theorem l. 


A straight line drawn from the centre of a circle to bisect a 
chord which is not a diameter ts at right angles to the chord ; con- 
versely, the perpendicular to a chord from the centre bisects the 


chord. 


a” 8 


Let ED be a strt. line which joins E, the centre of @ABC, 
to the middle point of the chord AB. 
Then ED is | to AB. 
CONSTRUCTION.—Join EA, EB. 
PROOF.— In As EAD, EDB, 
EA = EB (radii), 
ED common, 
AD = DB (Hyp.), 
.. Zs EAD, EBD are congruent (I. 14) ; 
. adj. 2 EDA = adj. 2 EDB; 
“ EDis 1 to AB. Q.E.D. 
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Converse Proposition— 
Let ED be a strt. line drawn from the centre E of © ABC, 
meeting the chord AB at rt. 4s in D. 
Then AD = DB. 


AB 


CONSTRUCTION.—Join EA, EB. 
PROOF.— In As EAD, EBD, 
4 EDA = EDB (rt. 4s), 
EA = EB (radii), 
ED common, 
.. As EAD, EBD are congruent (I. 17); 
“AD =DB. Q.E.D. 


CoROLLARY.—A straight line which bisects the chord of a 
circle will, if produced, pass through the centre of the circle. 


Exercises, 
(1) Through a given point within a circle draw a chord which 
Shall be bisected at that point. 


(2) The perpendiculars bisecting any two parallel chords of a 
circle are in the same straight line. 


(3) Find the locus of the middle points of a system of parallel 
chords drawn in a circle. 


(4) The perpendiculars bisecting the chords of a circle which 
do not pass through the centre are concurrent. 
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CIRCLE THROUGH THREE POINTS. 


» Theorem 2. 


There is one circle, and one only, which passes through three 
given points not in a straight line. 


Let A, B, C be three pts. not in the same strt. line. 
Then only one ©, and one only, can be drawn through 
A, B, C. 
CONSTRUCTION.—Draw DE, DF 1 bisectors of AB, BC 
respectively. 
Proor.—Now the locus of a pt. equidistant from A and 
B is the | bisector DE. 
Sim’: the locus of a pt. equidistant from B and C is the 
1 bisector DF. 
But these bisectors intersect at D, 
.“. D is equidistant from A, B, and C. 
And there is no other pt. equidistant from A, B, and C. 
.. the © with centre D and radius DA passes through B and 
C; and this is the only one which can be drawn through 
A,B,andc. Q.E.D. 


CoroLLARyY.—(1) Two circles cannot cut in more than two 
points. 

(2) Circles which have three points in common coincide. 

(3) The perpendicular bisectors of the chords of a circle 
meet in a point, 
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Exercises. 


(1) Ifa circle passing through three given points has its centre 
in the straight line joining two of them, that line subtends a right 
angle at the third point. 


(2) ABC, DBC are two triangles on the same base AB and 
on the same side of it. If AB is equal to BD, prove that AC and 
CD are unequal. 


(3) A quadrilateral drawn within a circle has all its sides equal. 
Prove that all its angles are equal. , 


156 Practical and Theoretical Geometry 


CONGRUENCE OF CIRCLES. 


Theorem 3. 


In equal circles (or in the same circle), 

(a) Tf two arcs subtend equal angles at the centres, they are 
equal, 

(6) Conversely, if two arcs are equal, they subtend equal 
angles at the centres. 


A a 


(az) Let ABC, EFG be equal @s, and the arcs ACB, EFG 
subtend equal 4s ADB, EHG at the centres D, H. 
Then arc ACB = arc EFG, 
Proor.—Place © EFG on © ACB, so that H falls on D, 
and HG falls along DB, 
‘ . ADB = 4 EHG (Hyp.), 
”. HE falls along DA. 
Again, *. the Oces of the @s coincide, 
.. G coincides with B, and E with A; 
‘, arc EFG coincides with arc ACB ; 
*. arc ACB = arc EFG, Q.E.D. 
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(2) Converse Proposition— 

Let the arc ACB = arc EFG. 

Then the 4s ADB, EHG subtended by these arcs at the 
centres D, H are equal. 


A E 
CG F 


Proor.—Place © EFG on © ACB, so that H falls on D, 
and HG falls along DB ; 
** the @s are equal and the Cces coincide, 
”. G coincides with B, 

.. HG coincides with DB. 

Then °. arc EFG = arc ACB, 

E coincides with A, 

.. EH coincides with AD ; 

4 ADB = 4 EHG. Q.E.D. 


Exercises. 


(1) CAB are points on a circle whose centre is D. CA equals 
CB. Prove that C is the mid-point of the arc AB, and that DC 
bisects AB. 


(2) C is a point on the circumference equidistant from the 
radii DA, AB. Prove that the arc AC equals the arc AB, 


(3) If AB is an arc of a circle whose centre is D, and C any 
point on the remaining part of the circumference, prove that the 
angle ADB equals twice the angle ACB. 
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Theorem 4, 


In equal circles (or in the same circle), 

(a) Lf two chords are equal, they cut off equal arcs. 

(b) Conversely, if two arcs are equal, the chords of the arcs 
are equal, 


C ‘e 
B N F 


‘Nn E 


(a2) Let ABC, EFG be equal ©s, whose centres are D and 
H, and chord AC = chord EG. 
Then minor arc ABC = minor arc EFG, 
and major arc AMC = major arc ENG. 
ConsTRUCTION.—Join DA, DC; HE, HG. 


PROOF.— In As DAC, HEG, 
AC = EG (Hyp.), 
DA = HE 


pc = HG t (radii of equal ©s), 
”. ZS DAC, HEG are congruent (I. 14) ; 
soe ADC = 2-Baa 
*. arc ABC = arc EFG (III. 3). 
As Oce of © ABC = Oce of © EFG, 
*. rem® arc AMC = rem® arc ENG. Q.E.D. 
(2) Converse— 


CONSTRUCTION.—Join DA, DC; HE, HG. 
PROOF.— ** arc ABC = arc EFG (Hyp.), 
» 42 ADC = 2 EHGUITI, 3). 
In As ADC, EHG, 
DA = HE -7 
DC = ce} (radii of equal @s), 
4 ADC = 2 EHG, 


“. As ADC, EFG are congruent (I. 7) ; 
*. chord AC = chord EG. Q.E.D. 
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CorOLLARY.—The diameter is the greatest chord of a 
circle. 


Exercises. 
(1) A quadrilateral is inscribed in a circle, and AB equals CD. 
Show that AC equals BD. 


(2) If two chords of a circle are parallel, they intercept equal 
arcs. 


(3) If AB be any arc of acircle bisected in C, show that the 
chord AB is less than twice the chord AC. 


(4) The straight lines which join the extremities of two equal 
arcs of a circle towards the same parts are parallel. 
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LENGTHS OF CHORDS. 


Theorem 5. 


Equal chords in a circle are equidistant from the centre ; and, 
conversely, chords which are equidistant from the centre are equal. 


Let ABC be a © with centre E. 
Chord AB = chord CD, 
and EF, EG from E upon chords AB, CD 
Then FE = GE, 


CONSTRUCTION.— __ Join AE, CE. 
PROOF.— ** EF is L to AB, 
AF = FB (III. 1); 
“. AF = SAB. 


In like manner, CG = CD, 
.. AF = CG as AB = CD (Hyp.). 
* 2 AFE =rt. z (Const.); 
“. AE? = AF? + FE2. 
Sim” EC’ = CG? + GE’. 
a : a 3s eos Radii of same ©) ; 
. AF’ + FE? = CG’? + GE”. _ 
But AF? = CG’, for AF = CG (proved) ; 
. FE? = GE; 
. FE=GE. Q.ED. 
(2) Converse Proposition— 
Let AB, CD be equidistant from the centre E, 
ic. FE = GE. 
Then AB = CD, 
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Proor.—Using the same construction as before, 
AE? = AF? + FE’, 
CE” = CG’ + GE’, 
~ AE’ = CE’ (radii of same ©) ; 
“. AF’ + FE? = CG’ + GE”. 
But FE* = GE’, for FE = GE (Hyp.) ; 


| 


. AF" = 6G; 

.“. AF = CG. 
But AB = 2AF, 
CD = 2CG ; 


.CB=€D., Q.E.D. 


Exercises. 


(1) If two equal chords intersect, prove that the segments of 
the one are equal respectively to the segments of the other. 


(2) Show that the locus of the middle points of a set of equal 
chords of a circle is a concentric circle. 


(3) If two chords of a circle make equal angles with the 
diameter through their points of intersection, they are equal. 


(4) If two chords are at unequal distances from the centre, 
the nearer chord is longer than the more remote. 


TANGENCY. 


B 


Looking at the figure, we see the secant AB cutting the 
circle at the points A and B. 

Suppose the secant to be turned about the point A, so that 
the point B may gradually approach A, and ultimately coincide 
with it. When this limiting position has been reached, the 
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straight line AB has become the tangent to the circle at the 
point A. 

A tangent is a straight line whose two points of inter- 
section with a circle are coincident. : 

The tangent is said to ‘ouch the circle, and the point at 
which it meets the circle is called the point of contact. 

Two circles are said Zo ¢owch one another at a point when 
they have a common tangent at that point, or 

Two circles are said to touch one another when their two 
points of intersection coincide. 

In Fig. I. the circles are said to touch externally ; in Fig. II. 
internally. 


A rectilineal figure is said to be zascribed in a circle when 
the angular points of the figure 
are on the circumference of the 
circle. 

A circle is said to be ctrcum- 
scribed about a rectilineal figure 
when the circumference of the circle 
passes through all the angular points 
of the figure. 


A rectilineal figure is said 
to be circumscribed about a circle 
when each side of the figure 
touches the circle. 

A circle is said to be z- 
scribed ina rectilineal figure 
when the circumference of the 
circle is touched by each side 
of the figure, 
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Theorem 6. 


The tangent at any point of a circle is perpendicular to the 
radius through the point. 

Let D be the centre 
of ©, and A any point on 
its Oce. 

Then tan. at Ais | to 
radius DA. 

CONSTRUCTION.— »: 
Through A draw BC 1 to B E A re 
DA. 

Join D to any point E in BC. 

PROOF.— ** DA ds |. to BC, 

.. DE > DA (I. 18) ; 
.. E is outside the ©. 

Sim” every other pt. on BC, other than A, lies outside 
the ©, 

.. BC lies wholly outside the ©, and has only one pt. A in 
common with the © ; 

.. BC is tan. at A; 
.. tan. at A and radius AD are | to one another. Q.E.D. 


CoROLLARIES.—(1) A straight line drawn perpendicularly 
through the point of contact of a tangent to a circle passes 
through the centre of the circle. 

(2) The straight line joining the centre of a circle to the 
point of contact of a tangent is perpendicular to the tangent. 


Exercises. 

(1) Prove that the point of intersection of the diagonals of a 
rhombus is equidistant from the four sides. 

(2) The diameter of a circle bisects all chords which are 
parallel to the tangent at either extremity. 

(3) All chords of a circle which touch an interior concentric 
circle are equal, and are bisected at the point of contact. 

(4) A tangent of a circle meets two parallel tangents in A and 
B. Prove that AB subtends a right angle. 

(5) If a parallelogram is circumscribed to a circle, it is a 
rhombus. | 
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Theorem 7. 


Lf two tangents are drawn to a circle from an external point, 
(a) they are equal ; 
(b) they subtend equal angles at the centre of the circle. 
Let AB, AC be tan- 
B gents drawn to a ©, 
having its centre at D, 
from an external pt. A. 
Then (a) AB = AC, 
(6) L ADB= Z ADC. 
PROOF.— *. AB, AC 
are tangents at B, C, 
c -. LS ABD, ACD are 
rt. Zs (III. 6). 
In the As ABD, ACD, 
DB = DC (equal radii), 
AD common, 
L ABD = Z ACD, 
.. AS ABD, ACD are congruent (I. 17) ; 
“. AB = AC, 
L ADB = ZADC. Q.E.D. 


Exercises. 


(1) A chord makes equal angles with the tangents at the 
extremities. 


(2) The tangents at the extremities of a diameter are parallel 
to each other and to the chords bisected by that diameter. 


(3) Ifa rectangle is circumscribed about a circle, it is a square. 


(4) The angle between any two tangents to a circle is supple- 
mentary to the angle between the radii through the points of 
contact. 


(5) Two parallel straight lines meet a third tangent at A, B. 
Prove that AB subtends a right angle at the centre. 


(6) The tangents to a circle from any point without it subtend 
equal angles at the extremities of the diameter through that point. 


(7) In figure of Theorem 7 prove that the angles BAC, BCD 
are supplementary. 
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CONTACT OF CIRCLES. 
Theorem 8. 


Tf two circles touch, the point of contact lies on the straight 
line through the centres. 


F 


: 
D 
ce). 
i C 


Let the two @©s, ABC, ADE touch either externally at A, or 
internally at A; let G, H be their centres, and AF the common 
tangent at A. 

Join GA, HA. | 
Then HG passes through A. 

Proor.—’.. £s GAF, HAF are rt. Zs (III. 6), 

.. HAG is a st. line (I. 2). Q.E.D. 


Exercises. 


(1) If the distance between the centres of two circles is equal 
to the difference of their radii, then the circles must meet in a 
point. 


(2) Determine the locus of the centres of all circles of a given 
radius, which touch a given circle. 


(3) Two circles touch each other externally at A, and are 
touched by a straight line at Band C. Prove that BAC is a right 
angle. 


SUMMARY OF TANGENT PROPERTIES. 


(1) The tangent is a straight line drawn at right angles to a 
diameter of a circle at one of its extremities, 
(2) It meets, but does not cut the circle. 
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(3) There can only be one tangent to a circle at a given 
point. 
(4) The radius drawn to the point of contact is perpen- 


dicular to the tangent. 
(5) Conversely, the line drawn perpendicularly to the 
tangent at the point of contact goes through the centre. 


A reflex angle is an angle greater than two right angles, and 
less than four right angles. 
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ANGLES AT CIRCUMFERENCE. 


Theorem 9. 


The angle which an arc of a circle subtends at the centre is 
double that which it subtends at any point on the remaining part 
of the carcumference. 


iC Cc 


E 


Let arc ACB of © ACB subtend / AFB at the centre F, 
and subtend / ADB at D, any point on the remaining part of 
Oce. 

Then Z AFB = 2Z ADB. 

CoNSTRUCTION.—Join DF, and produce to E. 

Case I.—When the centre F is within the £ ADB. 

In A AFD, 
AF = FD (equal radii), 
.. L FAD = L FDA (I. 8). 
Ext. 7 AFE of A AFD = Z FAD+ Z FDA (i, 6) 
= 2 / FDA. 
Sim’: / EFB = 2 Z FDB, 
.. £ AFE+ ZL EFB =2(Z FDA + FDB); 
-. L AFB = 2 Z ADB. 
Case 11.—When the centre F is without the Z ADB. 
As before, ext. 2 AFE = 2 Z FDA, 
and ext. 2 EFB = 2 Z FDB, 
”. £ EFB — ZL AFE = 2(Z FDB — Z FDA); 
. L AFB=2Z ADB. Q.E.D. 
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ANGLES IN A SEGMENT. 
Theorem 10. 


Angles in the same segment of a circle are equal. 


D 


Let Z ACB, ADB be Zs inthe segment ABCD of © ABC; 


and let three cases be taken in which segment >, =, or <<a 
semi-(@). 
Then 2 ACB = Z ADB 
CoNSTRUCTION.— Join AE, EB. 
Proor.—In each fig. 2 AEB = 2 Z ADB (IIL. g) 
= 2 / AGE 
-. L ACB= Z ADB. Q.E.D. 
Exercises 


(1) C is any point on the arc of a segment of which AB is the 
chord. Prove that the sum of the angles CAB, CBA is constant. 


(2) AB and CD are two chords of a circle intersecting at F. 
Prove that the triangles AFC, DFB are equiangular. 
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Theorem 11. 


The angle in a semicircle is a right angle, the angle in a 
segment greater than a semicircle is less than a right angle ; the 
angle in a segment less than a semicircle is greater than a right 
angle. 


E 


es) 


Case 1.—Let ABC be a semi-@). 
Then £ ACB =tt. Z. 
PROOF.— *’ ABC is a semi-(@), 
*, strt. angle ADB = 2 rt. Zs; 
<. £ AGE st... /. (ITE. 9). 
Case I1.—Let ABC be a segment > a semi-©). 
eer. 7 seesee Tt, 7. 
Proor.— _ ~*.' ACB is a segment > a semi-©, 
”. arc AEB < asemi-© ; 
os L ADB = 2 i, 7s. 
But 2 ACB =} Z ADB; 
aa L ACH <tc... 
Case I11—Let ABC be a segment < a semi-©. 
ThenyZ- see. > tt... 2. 
Proor.— _  *.’ ACB is a segment < a semi-©, 
”, arc AEB > a semi-© ; 
spe 2 It. £8 
But £4 ADB = 2 Ls ACB, 
 / ACoeer. f. OLE 
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CoNCYCLIC POINTS. 
Theorem 12. 


If the line joining two points subtends equal angles at two 
other points on the same side of it, the four points he on a cirele. 


Cc C 


Let the strt. line joining AB subtend equal angles at 
the pts. C,D, which are on the same side of AB. 

Then the four pts., A, B, C, D, lieona ©. 
CoNSTRUCTION.—Draw a © through A, B, and C (III. 2). 
Proor.—lIf this © does not pass through D it will cut AD 

or AD produced in some pt. E. 
Join BE. 
Now Z AEB = Z ACB (III. 9). 
But 2 ADB = Z ACB (Hyp.), 
. L AEB = Z ADB, which is impossible (I. 6, Cor.) ; 
.. © ABC must pass through D. 
A, B,C,Dleona®. QB: 


Four or more points which lie on the same circle are said 
to be concyclic. 

A rectilineal figure which is such that a circle can be drawn 
about it is said to be cyclic. 


Exercises on Theorems 1-12. 


(1) Describe a circle with a given centre cutting a given circle 
at the extremities of a diameter. 
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(2) If two circles cut each other, any two parallel straight lines 
drawn through the points of section to cut the circles are equal. 

4 (3) Through a given point within a circle draw the shortest 
chord. 

(4) Describe a circle which shall touch a given circle, have its 
centre in a given straight line, and pass through a given point in 
the given straight line. 

(5) Draw parallel to a given straight line a straight line to 
touch a given circle. 

(6) Draw a straight line to touch each of two given circles. 

(7) Through either of the points of intersection of two given 
circles draw the greatest possible straight line terminated both 
ways by the two circumferences. 

(3) ABD, ACE are two straight lines touching a circle at B 
and C, and if DE be joined, DE is equal to BD and CD together. 
Prove that DE touches the circle. 

(9) Of all the triangles upon the same base and between the 
same parallels, the one that is isosceles has the greatest vertical 
angle. 
(10) From the ends of a diameter BC of a circle, parallel chords 
BE, CF are drawn, meeting the circle again in E and F. Prove 
that EF passes through the centre of the circle. 

(11) Prove that no parallelogram except a rectangle can be 
inscribed in a circle. 

(12) The straight lines in a circle which join the extremities of 
two parallel chords are equal to each other. 

(13) The chords of a circle which make equal angles with the 
straight line joining their point of intersection to the centre are 
equal. 

(14) The circles described on the equal sides of an isosceles 
triangle as diameters will intersect at the middle point of the base. 

(15) The greatest rectangle which can be inscribed in a circle 
is a square. 

(16) Two circles intersect in A, B, and through the diameter 
BP, BQ are drawn. Prove that P, A, Q are collinear. 

(17) If two chords of a circle meet at a right angle within or 
without a circle, the squares on their segments are together equal 
to the square on the diameter. 

(18) If two circles cut one another, the tangents drawn to the 
two circles from any point in the common chord produced are 
equal. 

(19) Draw a trapezium in a circle, and show that the non- 
parallel lines are equal. 

(20) A, B, C are three points in the circumference of a circle. 
Straight lines bisecting the angles CAB, ABC, BCA are drawn to 
meet the circumference again in D, E, F respectively, Prove that 
AD and EF are at right angles to one another, 
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CycLic QUADRILATERALS. 


Theorem 13. 


The opposite angles of any quadrilateral inscribed in a circle 
are supplementary. 


Let ABCD be a quadrilateral inscribed in a ©. 
Then /s ABC, ADC = 2zrt. Zs, 

Zs DAB, DCB = 2rt. Zs. 
CONSTRUCTION.—Join A and C to the centre of the ©. 
PRooF.— La=%4Zd(Iill. 9), 

L6=4 24 ¢ (IIL. 9), 
* L0+ LOSatic+# Zap 
But 2 c+ 2£d=4rt. Zs(i. Cor. 2), 
~Li@+ Lee 283 
.. £S ABC, ADC = 2 rt. Zs. 
Sim’* 7s DAB, DCB may be shown = 2rt. Zs. Q.E.D. 


Exercises. 


(1) If a circle can be described about a parallelogram, the 
parallelogram must be rectangular. 


(2) If a quadrilateral be described in a circle, and a straight 
line be drawn making equal angles with one pair of opposite sides, 
it will make equal angles with the other pair. ; 
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Theorem 14. 
(Converse of Theorem 13.) 


Lf two opposite angles of a quadrilateral are supplementary, 
the quadrilateral ts cycle. 


A A 
: =o 
D E 
B 
c ~~ 


Let ABCD be a quadrilateral in which the £s ABC, ADC, 
are supplementary. 

Then ABCD is cyclic. 
CoNSTRUCTION.—Draw a © passing through ABC (III. 2). 
Proor.—If this © does not pass through D, it will cut AD, 

or AD produced in some pt. E. 
Join EC. 
Now, Z AEC + Z ABC= 2rt. Zs (III. 13). 
But 4 ADC + Z ABC =2rt. Zs (Hyp.), 
“. £ AEC + Z ABC = Z ADC + Z ABC, 
*. / ABC = ZL ADC, which is impossible (Cor. I. 6) ; 
.. ABC passes through D ; 
.. ABCD is cyclic. Q.E.D. 


Exercise. 


ABC, DCB are two congruent triangles on opposite sides of 
the base BC, Under what conditions are AB, CD concyclic? 
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ANGLES IN ALTERNATE SEGMENTS. 


Theorem 15. 


Lf a straight line touch a circle, and from the point of contact 
a chord be drawn, the angles which this chord makes with the 


tangent are equal to the angles in the alternate segments. 


E 
D 


A C B 
Let AB touch the © at C, and the chord CD be drawn 
from C, the point of contact. 
Then 4 BCD = Z in alt. segment CED, 
ZL ACD = CZ inalt. segment CFD. 
CoNSTRUCTION.—From C draw CE 1 to AB; take any 
pt. F in arc CFD, and join FC, ED, DF. 
Proor.—’.’ CE is | to tan. AB at C the pt. of contact, 
.. CE passes through the centre of the © and is a diameter 
(IIT. 6, 6r,,2). 
. £ CODES. 2 (UIL ie 
*. in A CED, 
ZL CED + ZL DCE =rtt. Z (I. 5). 
Buy ~ BCD + Z DGE = rt. 2 (Const); 
* £ BCD + Z DCE = Z CED + Z DCE; 
* £BCD= Z CED, 
‘. CFDE is a quadrilateral inscribed in a ©, 
-« L CED + 2 CFD = 2 rt. 28 (ial 23). 
Butz, BOD + 2 ACD = 2 rt. LST: 
- £ BCD+ Z ACD= Z CED+ Z CFD; 
But 2 BCD = / CED (proved), 
. L AGO = ZL CED aoa. 


| 
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Exercises. 


(1) B is a point in the circumference of a circle whose centre is 
C; PA, a tangent at any point P, meets CB produced at A, and 
PD is drawn perpendicular to CB. Prove that the straight line 
PB bisects the angle APD. 


(2) If two circles touch each other, any straight line drawn 
through the point of contact will cut off singular segments. 


(3) Construct a triangle having given the base, the vertical 
angle, and the altitude. 


(4) AB is any chord, and AD is a tangent to a circle at A. 
DPQ is any straight line parallel to AB, meeting the circumference 
at P and Q. Show that the triangle PAD is equiangular to the 
triangle QAB. 


(5) If from any point in the circumference of a circle a chord 
and a tangent be drawn, the perpendicular dropped on them from 
the middle point of the subtend arc are equal to one another. 
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PROPERTIES OF RECTANGLES. 
Theorem 16. 


Lf two chords of a circle intersect at a point, either inside or 
outside the circle, the rectangle contained by the segments of the 
one 1s equal to that contained by the segments of the other. 


Case I1.—Let the chords AB, CD of the © ACB intersect 
in P within the ©. 
Then rect. AP . BP = rect. CP . DP. 
CoNSTRUCTION.—Join OP, OB, OD. 

From centre O draw OE, OF 1 AB, CD respectively. 
Proor.—*.’ AB and CD are bisected in E and F (III. 1), 
and divided unequally in P, 

then AP. BP = EB? — EP? (II. 6) 
= EB? + OE? — EP? — OE? 
= OB? — OP? (II. 9) 


= OD? -- OP” 
= OF* + FD° — (OF? + FP”) 
= FD’ — FP® 


= CP. DP, 
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_ Case I.—Let the chords AB, CD of the © ACB intersect 
in P without the ©, and let PT, PT, be the tangents from P. 


CONSTRUCTION.—Draw OE | AB. 
Join OT, OT,. 
Proer— / OTP= / OF,P =rt. Z (Il. 7), 
and AP . BP = PE? — EB? (II. 6) 
= PE? + OE — (EB? + OE”) 
= OP” — OB’ (II. g) 
= OF — OT’ 
= PT”, 
Sant CP . DP = PF,’ = PT’; 
*, rect. AP. BP = rect.CP.DP. Q.E.D. 


CoroLLary.—If a tangent and a chord intersect, then the 
square on the tangent is equal to the rectangle contained by 
the segments of the chord. 


Exercises. 
Two straight lines, AB, CD, intersect at E, so that the 
rectangle AE, EB is equal to the rectangle CE, ED. 
Prove that the four points A, B, C, D are concyclic. 


Two circles intersect at A and B. Show that AB produced 
bisects their common tangent. 
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Locl. 


Theorem 17. 


The locus of the vertices of all triangles which have the same 
base and the sum of the squares of their sides equal to a given 
square is a circle having its centre at the middle point of the base. 


A A 


B Da. B. Dee. 6P 


Let ABC be a A whose base is given, but whose vertex A 
moves in such a way that AB? + AC? is constant and equal to 
the sq. on PQ. 

It is required to find the locus of A. 

CONSTRUCTION.—Bisect BC at D; join AD; from A draw 
AE 1 BC or BC produced. 

Now, of the two As ADB, ADC one must be obtuse and 
the other acute. 

Let A ADB be acute. 

Proor.—Then AB? = AD? + BD? + 2BD. DE (II. 11), 

AC? = AD? + CD? — 2CD. DE (II. 12) 
AD? + BD? — 2BD. DE; 
“. AB? + AC? = (AD? + BD? + 2BD. DE) + 
(AD? + BD? — 2BD . DE) 
= 2(AD? + BD?) 
PQ* (Hyp.). 
But PQ? and BD? are given ; 
.. AD? is also given ; 
.. length AD is constant ; 


.. locus of A is a @, whose centre is D and whose radius 
=AD. Q.E.D. 


II 
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N.B.—Bisect PQ at R; from R draw RS | PQ, making 
RS = PR = PQ;; join PS, QS. 


SY 


P R Q 


On PS as diameter describe a © cutting PTS at T; 
join PT, ST. 
[ele SR and feeus — It. / 5 
<2 £ Boe / RPS Soa? . 
Sim’ / PSQ = / RSP + Z RPS =—rt. /. 
Also £{RBS = / ROS =e1rt. /, 


.. SP = SO; 
-- & PSO=—rt. /, 
”. PQ? = PS? + QS? (II. 9) 
= PS? + PS? 
= 2PS?, 


But Z PTS being in a semi-© =rt. Z (III. 11); 
PO? = 2PS? = 2(Pt* + ST?) 
— 2(BD? o= ST’). 
But AB? + AC? = PQ? (Hyp.) ; 

. AB? + AC? = 2(BD? + ST?) 

Also AB? + AC? = 2(BD? + AD?) ; 

*, 2(BD? + AD?) = 2(BD? + ST”); 
. AD? = ST?, 
as AD = SP. 

.. the distance of the variable pt. A from the fixed pt. D, 
the middle pt. of BC, is constant, and equals ST where ST is 
given by PQ? = 2(BD? + ST”). 

*, the locus of A is a © whose centre is D, and whose 
radius equals ST, equals AD. Q.E.D. 


180 Practical and Theoretical Geometry 


Locl. 
Theorem 18. 


The locus of the vertices of all the triangles which have the 
same base and the difference of the squares of their sides equal to 
a given square ts a straight line perpendicular to the base. 


Cc 
Pp 


rN D B 


Let ACB be a A such that AC? — BC? = PQ?, the pt. C 
being variable and PQ being given. 
It is required to find the locus of C. 


CoNnsTRUCTION.—From C draw CD | the base AB. 
Then AC? = AD? + CD? (II. 9), 
BC? = BD? + CD? (II. 9); 
‘, AB? — BC? = (AD? + CD?) — (BD? + CD?) 
= AD? — BD’. 
But AB? — BC? = PQ’, 
*, AD? — BD? = PQ?, which is given. 
. the pt. D is fixed, and .. CD is a fixed straight line, 
since we have just shown that C always lies on it. 
*, the locus of C is a straight line perpendicular to AB 
through D, where D is given by AD? — BD? = PQ®. Q.E.D. 
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N.B.—The pt. D can be found in the following way :— 


E F H 
c M 
A N G OD B 


CoNnsTRUCTION.—From A draw AE 1 AB, making AE 
—7 03 
On AE describe rect. AEFG, the pt. G being on AB. 
From B draw BH | AB, cutting EF produced at H. 
Join EB, cutting FG at K. : 
Through K draw LKM || EH or AB, cutting AE at L and 


BH at M. 
Now rect. FM = rect. LG. 


To each of these add rect. EK; 
*. rect, EM = sq. AEFG, 7.¢. = sq. on PQ; 
rect. EM is EH . HM, z.¢. AB . HM. 
From AB cut off AN = HM. 
Bisect NB at D, 
Then D is the required pt. 
Proor.—’., AD? — BD? = (AD + BD)(AD — BD) 
= AB(AD — BD) 
AB(AD — ND) 
AB . AN 
= AB.HM 
= EH. HM 
= PQ’; 
*, D is the required pt. 
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1,0C1. 
Theorem 19. 


The locus of the vertices of all the triangles which have the 
same base, and their vertical angles equal to a given angle ts the 
arc of a segment af a circle. 


D 


Let AB be the given base, Z C the given angle. 
AEB is a A standing on the fixed base AB, such that the 
L AEB=C. | 
Then the locus of E is an arc of a segment containing an 
angle equal to the given angle. 
CoNSTRUCTION.—On AB describe the segment ADB such 
that Z ADB in the segment ADB = Z C. 
Then E must lie on the arc ADB of this segment. 
If not, let E be outside as in the figure, and let AE cut ADB 
at F. Join BF. 
Proor.—Then Z AFB = Z ADB (III. ro) 
= 1 ©. 
But 2 AEB=/ C; 
*. 4 AFB = Z AEB, which is impossible. 
.. E cannot be outside as in the figure. 
Sim” it can be shown that it cannot be inside. 
.. E must be on the arc ADB. 
Sim": any other vertex like E will lie on the arc ADB. 
.. the locus of E is the arc ADB. Q.E.D. 


I 
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Miscellaneous Exercises. 


_(1) Describe a circle through three given points. When is 
this impossible? Why? 

(2) Show that the straight line which joins the mid-points of 
two parallel chords is at right angles to them. 


_ (3) Through a given point within a circle draw a chord which 
is bisected at the given point. 


(4) Through two given points describe a circle having its centre 
on a given straight line. When is this impossible ? 


(5) Prove that the “line of centres” bisects the common chord 
at right angles. 


(6) Two circles intersect in A and B. Through A any straight 
line CD is drawn, terminated both ways by the circumference. 
Prove that the angle CBD is the same for every position of CD. 


(7) Describe a circle with a given centre cutting a given circle 
at the extremities of a diameter. 


(8) The lines bisecting the chords of a circle at right angles 
which do not pass through the centre are concurrent. 


(9) A and B are two fixed points without a circle DEF. It is 
required to find a point D in the circumference, so that the sum of 
the squares described on AD and BD may be the least possible. 


(10) Through a given point within a circle draw the shortest 
chord. 


(11) Draw parallel to a given straight line a straight line to 
touch a given circle. 


(12) Draw a straight line to touch each of two given circles. 


(13) Given a point on the circumference of a circle, draw 
through it two chords at right angles to each other such that the 
distance of the one from the centre is twice the distance of the 
other. 


(14) Through a given point draw a straight line so that the 
part intercepted by the circumference of a given circle shall be 
equal to a given straight line not greater than the diameter. 


(15) Rectangles are the only parallelograms that can be 
inscribed in a circle. 


(16) Through a given point within or without a circle draw a 
chord equal to a given straight line. 


(17) The diameter of a circle bisects all chords which are 
parallel to the tangent at either extremity. 
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(18) A triangle is inscribed in a circle ; show that the sum of 
the angles in the three segments exterior to the triangle is equal to 
four right angles. 


(19) The straight lines bisecting any angle of a quadrilateral 
inscribed in a circle and the opposite exterior angle meet in the 
circumference of the circle. 


(20) The bisectors of the angles formed by producing opposite 
pairs of sides of a cyclic quadrilateral are at right angles. 


(21) Two circles touch each other externally at A, and are 
touched by a straight line at Band C. Prove that the angle BAC 
is a right angle. 


(22) The sum of two opposite angles of a quadrilateral is equal 
to two right angles. Prove that the perpendiculars drawn to its 
four sides at their middle points meet in a point. 


(23) AB and AC are a chord anda diameter meeting at a point 
A in the circumference. Prove that the radius drawn parallel to 
AB bisects the arc BC. 


(24) Prove that a chord makes equal angles with the tangent 
at its extremities. 


(25) Describe a circle to touch two given parallel straight 
lines and a given straight line which intersects them? How many 
solutions are there? 


(26) Describe two circles touching each other externally at A 
and touched by a straight line at B and C. Prove that BAC is a 
right angle. 


(27) D is any point on the arc of a segment of which AB is the 
chord. Prove that the sum of the angles DAB, DBA is constant. 


(28) The side AB of a quadrilateral ABCD inscribed in a circle 
is produced to E. Prove that the exterior angle CBE equals the 
interior opposite angle ADC, 


(29) BE, CF are two altitudes of a triangle ABC and intersect 
at G. Prove that AEGF is a cyclic quadrilateral. 


(30) If two circles touch, any straight line through the point of 
contact cuts off similar segments. 


_ (31) Two circles intersect in A and B, and through B the 
diameters BG, BH are drawn. Prove that BGAH are in the same 
straight line. 


(32) Of two segments standing on the same chord, the greater 
segment contains the smaller angle. 


(33) If two equal circles cut each other, and if through one of 
the points of intersection a straight line be drawn, terminated by 
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the circles, the straight lines joining its extremities with the other 
point of intersection are equal. 


(34) The circles described on the equal sides of an isosceles 
triangle, as diameters intersect at the middle point of the base. 


(35) Describe a square equal to the difference of two squares. 


(36) If from the point of contact of a tangent to a circle a chord 
be drawn, the perpendiculars dropped on the tangent and chord 
from the middle point of either arc cut off by the chord are equal. _ 


(37) ABC is a triangle right-angled at C; and from C a 
perpendicular CD is drawn to the hypotenuse. Prove that the 
square on CD is equal to the rectangle AD, DB. 


(38) If two chords of a circle meet at a right angle within or 
without a circle, the squares on their segments are together equal 
to the square on the diameter. 


(39) If through any point in the common chord of two circles 
which intersect one another there be drawn any two other chords, 
one in each circle, their four extremities all lie in the circumference 
of a circle. 


(40) A number of circles intersect each other, and are such that 
the tangents to them from a fixed point are equal. Prove that the 
straight lines joining the two points of intersection of each pair will 
pass through this point. 


\ 
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CONSTRUCTIONS. 
Problem l. 
To bisect a given are. 
@ 
A D B 


Let ABC be the given arc. 
Join AB, and bisect it at D. 
At D draw DC at rt. Z to AB, meeting the arc at C. 
Then arc ABC is bisected at C. 
PROOF.— In As ADC, BDC, 
AD = BD, 
CD common, 
4 ADC = Z BDC (Const.), 
”. AC = BC (I. 7); 
. arc AC = arc BC (III. 3); 
i.e. arc ABC is bisected at C. Q.E.F. 
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Problem 2. 


To draw a circle to pass through a given point (F) and to 
touch a given straight line (AB) at a given point (C). 


Let AB be the given straight line, and C the given point 
within it, and F the given point without it. 

It is required to draw a circle passing through F and 
touching AB at C. 

At C draw CD at rt. Z to AB. Join CF. 

Bisect CF by the straight line GH. 

Then the point of subsection of the two lines CD, GH is 
the centre of the © required. Describe the © CFN. 

Give proof. 
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Problem 3. 


To draw a pair of tangents to a circle from a given point (P) 
outside. 


B 


C 


Let P be any point outside the © ABC. 
Join D, the centre, and P. 
Bisect DP, and describe a @ on DP. 
Join P to the points of intersection B and C. 
Then PB and PC are the required tangents. 
PROOF.— Join BD, CD. 
ZL DBP =rt. Z (III. 11), 
ZL DCP=rt.Z, 
. BP is a tangent (III. 6). 
Sim’ CP isa tangent. Q.E.F. 
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Problem 4. 


To draw an interior common tangent to two given non- 
intersecting circles. 


Let ABC, DEF be any two given @s. 
CoNSTRUCTION.—Join their centres O and O,. 
Describe a semi-@) OMO, on the line of centres. 
With centre O, and radii (ry +7,), describe an arc PM 
cutting the semi-© at M. 
Join OM, MO,. 
Draw O,F 1 to MO,. 
Join FB. 
Then FB is a common tangent to @s ABC, DEF. 
Proor.— In quadrilateral BMO,F, 
FO, || to BM, 
-- £S BMO,, MO\F are rt. Zs. 
Again, BM = ~ = FO, 
2 BMO,F is a G7 Ci: 23). 
And °-s Z BMO, is art. Z, 
.. BMO,F is a rectangle (I. 23, Cor. 2), 
hence Z OBF is art. Z, 
.. BF is a tangent to © ABC. 
And Z BFO, is art. Z, 
.. BF is a tangent to © DEF; 
.. BF is a common tangent to ©@s ABC, DEF. Q.E.F. 
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Problem 5. 


To draw exterior common tangent to two circles. 


The construction is similar to the construction in the last 
problem, with the exception that the © described with centre 
O is of radius 7—7,. 

Supply the proof. 
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Problem 6. 


To draw a segment of a circle containing an angle equal to a 
given angle (C) on a given straight line AB. 


Let AB be the given strt. line, and C the given /. 
It is required to draw a segment of a © on AB containing 
a Aa /- C. 
Constructrion.—At B make 4 ABD= ZC. Erecta L 
at B, cutting the |. bisector of AB at E. 
This is the centre of a © passing through A and B. 
With centre E and radius EB describe © ABF. 
Proor.—The segment AFB of this © alternate to 2 ABD 
is the segment required, 
‘,, EG bisects AB at rt. Zs, 
”. EA = EB (I. 26); 
.. © passes through A and B, 
and BD is a tan, 
‘ EB is 1 to BD (Const.), 
.. Z ABD = Z in alt. segment AFB (III. 15), 
t.é./ C= ZL inalt. segment AFB. Q.E.F. 
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Problem 7. 


In a given circle inscribe a triangle equiangular to a given 
triangle ABC. , 


FE 


B C G 


Let ABC be the given A, and DEF the given ©. 
It is required to inscribe a triangle equiangular to the A 
ABC in the © DEF. 
CoNSTRUCTION.—At D draw the tan. GDH. 
Make 4 EDG = Z DFE in alt. segment 
= i 


Make Z HDF = Z DEF in alt. segment 
= 6 
Join EF. 
Then DEF is the required A. 


Give proof. 
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CONSTRUCTIONS. 


Problem 8. 


To inscribe a circle in a given triangle. 


Let ABC be the given A. 
It is required to inscribe a © within the A ABC. 
CONSTRUCTION.—Bisect the £s ABC, ACB. 
Draw DG _ to BC to the pt. of intersection of the lines 
BE, CF. 
With centre G and radius GD draw the © DHI. 
Then DHI is the required ©. 
Proor.—’.’ BG is the locus of a pt. equidistant from BC, 
BA (I. 26), 
-- Gl = GD. 
Sim’, GH = GD; 
.. @ DHI passes through the pts. H, |, 
and as / s at the pts. H, I, D are rt. /s, 
.. ©) touches AB, AC, BC. Q.E.F. 
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CIRCUMFERENCE OF A CIRCLE. 
Problem Q. 


Draw several large circles ; measure their circumference by 
thread and scale. Find also the diameters of the circles. 

Tabulate your results as follows, and find how many times 
greater is the circumference than the diameter. 


| Circumference 


Experiment. | Circumference. | Diameter. Diamar 
9°45 cm. 
I ‘45 cm. cm. SS a 
9°45 3 3 cm. 2 
89 cm. 
2 89 cm. 2°8 cm. <——" = ork 
9 2°8 cm. ay, 
oe a 12°5 in. . 
2 2°5 in. . ns 
3 5 - | 4 in. 3°13 
; 
3)9°42 


Average result = 3°14 


Find the average result of your experiments. The correct 
result is 3°14 +, or 34, which is generally expressed by the 
Greek letter z. Therefore the circumference of a circle is 
3°14 +, or = times greater than its diameter. In formula the 
statement is written 2zr. The formula is thus obtained— 

The circumference of a circle = 3°14 X diameter 

= 7 X twice the radius 
7 X 2r 
= 7 ar 


= 27T. 
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AREA OF A CIRCLE. 


Ais 


On a piece of white paper describe a large circle ABC. 
Divide the circle into sixteen equal sectors. Cut out the 
sectors very carefully. Cut one of the sectors into two equal 
parts, and then arrange the sectors as below. 


| ae o> - 3 «45 95 6 (sae C 


) 10 I 12 13 14. IS 4B 


The sectors are so arranged as to form a rectangle. If the 
sectors were increased in number, the sides AB, CD would 
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more and more approach straight lines. We therefore assume 
AB, CD to be straight lines. 
Then area of circle ABC = area of rectangle ABCD 
= length X breadth 


circumference , 
= —— — radius 


2nr : 
ee x radius 


9 
= 7T. 


Exercises. 


Find the area of the following :— 
(az) half anna, 
(4) quarter anna, 
(c) any circle, 
(d) base of a cylinder, 
(e) base of a cone, 
(/) any semicircle, 
(2) rupee, 
(h) base of your inkpot, 
(z) circle of 4°6 cm. diameter, 
(7) circle of 9°3 cm. diameter, 
(2) circle of 2°25 cm. radius. 


BOOK IV 


This book is appended with a view to meeting the extra requirements of the 
Additional Mathematical Paper of the Calcutta Matriculation, London 
Matriculation, the Panjab Matriculation, and the Allahabad Matricu- 
lation Examinations, 


ini. Y 
RATIO AND PROPORTION 


IN the first three books we have treated only of the absolute 
equality or inequality of magnitudes as tested by superposition. 
However, besides the relations of equality and inequality thus 
tested, there is another important kind of equality or inequality, 
viz. the relations which magnitudes may bear to one another, 
in respect of guantity, and not of the magnitudes themselves. 
This relation, in respect of quantity, is called ratio. 

Ratio is the relation which one magnitude bears to another 
_of the same kind with respect to quantity, the comparison 
being made by considering what multiple, part, or parts the 
first quantity is of the second. It should be noted that we 
cannot compare a length with an area, an area with a volume, 
or a length with a volume; but we can compare one length 
with another length, an area with another area, etc. 

The ratio of a to J is expressed thus— 


a 
a:b, or po ab, or a/d. 


The quantities a and 4 are called the terms of the ratio; 
a is called the antecedent and 2 the consequent of the ratio. 

The value of a ratio is measured by the fraction whose 
numerator is the antecedent, and denominator is the con- 
sequent. ‘The ratio of 5 : 6 is measured by the fraction 2. 
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In the subsequent work ratios will be expressed in the 
fractional form as being the most convenient form to deal with. 

Geometrical magnitudes of the same kind cannot always 
be expressed exactly in terms of a common measure or unit. 
The geometrical magnitudes are then said to be incom- 
mensurable. 


Ex. The diagonal and the side of a square. 
If a represents the side and @ the diagonal, then— 


b= ,/2a 
or> = v2 


Now ,/2 cannot be found exactly, thus the side and the 
diagonal are incommensurable. But if a@=1”", because 
,/2 = 1'414213, then the diagonal = 1°414213", correct to 
790000 Of an inch. 

For practical purposes, therefore, all magnitudes may be 
considered commensurable, accuracy in the case of incom- 
mensurable magnitudes being obtained by the selection of an 
adequately small unit. 

Proportion is the equality of ratio. When two ratios a: 
and ¢:d are equal, then a, 4, ¢ and d are said to be pro- 
portionals. 


a is to bas cis to d, 
or thus: Ga. D3 ese 
The terms a and d@ are called the extremes, and J and ¢ are 
called the means. 
If the four quantities a, 4, c, and @ be proportionals, the 
product of the extremes is equal to the product of the means— 


a_¢ 
db” a 
“. ad = be. 


If a, 6, c, and d represent the lengths of four straight lines, 
we obtain the following theorem ;— 

Lf four straight lines are in proportion, the rectangle contained 
by the extremes ts equal to the rectangle contained by the means. 
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Quantities are said to be in continued proportion when 
the first is to the second, as the second is to the third, as the 
third is to the fourth, and so on. a, 4, ¢, and @ are in continued 
proportion when— 


— oe ia cal 


If three quantities a, 4, and ¢ are in continued proportion, 
4 is said to be a mean proportional between a and ¢. 


1S =< aca 
That is, if three quantities are in continued proportion the 
product of the extremes is equal to the square of the mean. 
If a, 6, and ¢ be in continued proportion, ¢ is said to be a 
third proportional to a and 2. 
Some important relations easily deducible from the pro- 
portion @:4::¢:d are given below for further reference. 


If = 5 
then (1) : = 2 (Invertendo) 
a ob 
(2) =3 (Alternando) 
(3) as d = au g (Componendo) 


() aS s = (Dividendo) 


(5) qa tee = (Convertendo) 
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Practical Exercises introducing Theorem l. 


(1) Construct any large triangle ABC; draw a straight line 
DE parallel to the base BC, cutting the sides AB, AC in D and 
E. Prove by measurement and calculation that 


AD _ AE 
DB: 23 
(2) Describe a triangle ABC, and produce the sides BA, CA 
beyond the vertex A. Draw DE parallel to the base BC, cutting 


the sides BA, CA produced in D and E. Prove by measurement 
and calculation that DE cuts the two sides proportionally. 


(3) Produce the sides AB, AC of any triangle below the base ; 
draw a straight line DE parallel to the base BC, cutting the sides 
AB, AC produced in D and E._ By measurement and calculation 
show that 

AB _ AC 
AD” AE 
What do you learn from the above three exercises ? 


(4) Describe any triangle ABC, and divide its sides AB, AC in 
the ratio 3: 5 by the straight line DE. 
Is DE parallel to BC? 


(5) Produce the sides AB, CB of a triangle ABC beyond the 
vertex B, and divide the sides AB, CB produced proportionally by 
the straight line DE. Prove experimentally whether DE is parallel 
or not to AC. 


(6) Draw a triangle ABC, produce the sides AB, AC below the 
base BC, and divide the sides AB, AC produced proportionally in 


DandE. Join DE. Determine experimentally whether DE is 
parallel or not to BC, 


What conclusion do you draw from the last three exercises ? 


Practical Exercises introducing Theorem 2. 


The sides of equiangular triangles, which are opposite to equal 
angles, are called corresponding sides. 


(1) On the bases BC, EF, 24”, 1°8” long respectively, describe 


two equiangular triangles ABC, DEF. By measurement and 
calculation prove that 


BC _CA_AB 
EF FD sb5 
(2) Describe a triangle ABC, given BC = 6 cm., CA = 5°4 cm., 
AB =8cm. On the base EF construct an equiangular triangle 
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DEF to triangle ABC. Prove that the corresponding sides of the 
two triangles are proportional. 
From the two exercises what do you conclude? 


(3) ABC is a triangle having AB = 1'5", BC = 2”, CA = 7 ee 
DEF is an equiangular triangle to the triangle ABC, having 
EF = 1". Calculate DE, DF, and check result by measurement. 


(4) Draw a triangle whose sides are in the ratio 3: 4:5. (See 
Problem 24.) 


(5) Construct two triangles ABC, DEF, having their sides 
taken in order proportional. Show that the triangles are equi- 
angular and similar. 


(6) ABC is a triangle right-angled at B ; prove that the altitude 
BD divides the triangle into two triangles which are similar to the 
triangle ABC. Set down the ratio properties you get from the 
similarity of the triangles BDA, BAC. 


Practical Exercises introducing Theorem 3. 


Equiangular triangles having their sides about each pair of 
equal angles, taken in the same order proportional, are said to be 
similar. 


(1) Construct two triangles ABC, DEF, having one angle of the 
one equal to one angle of the other, and the sides about these 
equal angles proportional. By measurement prove that the 
triangles are equiangular, and hence similar. 


(2) Draw two triangles ABC, DEF, having one angle (A) of 
the one equal to one angle (D) of the other, and the sides about 
these equal angles proportional, and let DEF be the smaller 
triangle. Along AB set off AG = DE, and along AC set off 
AH =DF. Join GH. Prove GH parallel to BC, and hence the 
two triangles. ABC, DEF are similar. 


(3) Repeat the construction of the two triangles ABC, DEF as 
in Exercise 2. Produce CA to G, making AG = DE, and BA to 
H, making AH = DF. Prove GH is parallel to BC, hence the 
triangles AGH, z.e. DEF, and ABC are similar. 


(4) In a right-angled triangle ABC, AD is drawn perpendicular 
to the base BC. Show that BD ; DA = DA: AC, and that the 
triangles ABD, ADC are similar. 


(5) If two straight lines AB, CD intersect in a point E, so that 
= = py Prove that ABCD are concyclic. 

(6) The bases BC, EF of two similar triangles ABC, DEF are 
divided in the same ratio at H, G. Show that AH: DG= 
Be. EF; 
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Practical Exercises introducing Theorem 4. 


Equiangular polygons having their sides about each pair of 
equal angles taken in the same order proportional, are said to be 
similar. 


The following is a more practical definition. Similar polygons 
are those which can be built up of the same number of sides of 
equiangular triangles in the same way. 


(1) (a) Construct a polygon on a base of 1°5”. 
(6) Draw a similar polygon on a base of 1”. (See 
Problem 22.) 


(2) Draw any polygon. On a base of 4 cm. draw a similar 
polygon, using the method employed in Problem 23. 


(3) Describe two similar polygons ABCDE, aécde. Divide 
ABCDE into triangles by lines from X any point within the figure. 
In abcde at a, 6 make angles dax, abx equal to angles BAX, ABX 
respectively. Join xc, xd,xe. Prove that the polygons are divided 
into corresponding similar triangles. 


(4) Construct two similar hexagons, and prove that by joining 
their vertices to a point within each, they can be divided into the 
same number of similar triangles. 


(5) Draw two similar polygons ABCDE, aécde ; join DA, DB; 
da,db, Prove that the polygons are divided into the same number 
of similar triangles. 


(6) Construct two similar hexagons ABCDEF, adcdef, placing 
abcdef, the smaller, within the larger ABCDEF, with their corre- 
sponding sides parallel. Join each pair of corresponding points. 
Show that these lines pass through the same point, and that the 
two figures are divided into the same number of similar triangles. 


Practical Exercises introducing Theorem 5. 


(1) Construct two similar triangles ABC, EFG; draw AD 
perpendicular to BC, and GH perpendicular to EF. Find the 
areas of the two similar triangles, and prove by measurement and 
calculation 

area of A. ABC _ BC? 
areaof/A EFG EF? 


(2) Draw two regular hexagons ABCDEF, adcdef, and prove 
that 


area of ABCDEF _ AB?® 
area of abcdef — ab? 


Give conclusion drawn from the above two exercises. 
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(3) Describe equilateral triangles on the sides and diagonal of 
a square ; compare the ratio of their areas with the ratio of the 
lengths of their sides, and show that the sum of the areas of the 
two smaller ones equals the area of the other. 


(4) The areas of two similar triangles are Ioo sq. ins. and 
64 sq. ins. ; the base of the greater is 7”. Find the base of the 
smaller. 


(5) (2) What is the ratio of the areas of two similar triangles 
on bases of 4” and 5’? 

(4) Divide a triangle by a straight line parallel to the base 
into two equal parts. In what ratio is each side 
divided ? 

(6) Find the ratio of the bases of two similar triangles, one of 
which has double the area of the other. 


Construct two such triangles, taking 2°5 cm. as the base of the 
smaller. 


Practical Exercises introducing Theorem 6. 


(1) Bisect the angle BAC of the triangle ABC by the straight 

line AD cutting BC in D. Prove that 
DB _ AB 
DC Ae 

(2) Draw any triangle ABC, and produce AB to F ; bisect the 
exterior angle CAF by the straight line AD drawn to meet BC 
produced at D. Prove that 

DB _ AB 
DC AC 

(3) Describe any triangle, and show that the internal bisector 
of an angle of a triangle divides the opposite side internally in the 
ratio of the sides containing the angle; and likewise the external 
bisector externally. 

(4) Ina triangle ABC, BC = 3”, CA = 3°5”, AB = 4”, and the 
internal bisector of the angle BAC cuts BC at D; measure BD, 
DC ; check by calculation. 

(5) In a triangle ABC, BC = 3’, CA = 4”, AB = 5”, and the 
external bisector of the angle CAF cuts the base produced at D. 
Measure BD, DC; check by calculation. 


(6) Prove that the bisectors of an angle of a triangle divides 
the base internally and externally in the same ratio. 


204 Practical and Theoretical Geometry 


PROPORTION. 


Theorem l. 


(a) Lf a straight line is drawn parallel to one side of a 
triangle, the other two sides are divided proportionally ; 

(b) Conversely, if a straight line cuts two sides of a triangle 
proportionally, it is parallel to the third side. 


In A ABC let DE be a strt. line || BC, cutting AB, AC 
respectively, in D and E; 
then— 
AD_ AE 
DB EC 
(a) Let AF be a common 
measure of AD, DB, and let 
AD = xAF and DB = AF, 
where x and y are integers. 
Divide AD, DB into x 
and y equal parts respec- 


C tively. 
B Through the points of 


division draw strt. lines || BC. 
Proor.—These || lines divide AE into «, and EC into y 
equal parts. 


“. AE = xAG and EC = yAG; 


, AE x 
"EG y 
. AD_ AE 


“DB EC 
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(6) If DE be not || BC, suppose DE’ || BC; then DE and 
DE’ coincide. 


Since DE’ || BC, 


AD AE’ 
ge aS, tll T 
"pp Ec LY: 2): 
AD. AE 
_ AE _ AE 
Ea. C 
.< Ae AE: 


.. E and E’ coincide, 
i.¢. DE and DE’ coincide: 
-~ DE WeG. ” Q.E.D. 


Exercises. 


(1) If any straight lines are cut by three parallel straight lines, 
they are cut proportionally. 


(2) Triangles between the same parallels are to one another as 
their bases. 


(3) Find a point within a triangle such that if straight lines be 
drawn from it to the three angular points, the triangle will be 
divided into three equal triangles. 


(4) ABC is a triangle; it is required to draw from a given 
point P, in the side AB, or AB produced, a straight line to AC, or 
AC produced, so that it may be bisected by BC. 


(5) AD, BC are the parallel sides of a trapezium. Prove 
that a line drawn parallel to these sides cuts the other sides 
proportionally. 
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EQUIANGULAR ‘TRIANGLES. 
Theorem 2. 


(a) Lf two triangles are equiangular, their corresponding sides 
are proportional ; 

(6) Conversely, of two triangles have their sides taken in order 
proportional, they are equiangular. 


A 
D 
G H 
B G E F 
(a) Let A ABC, DEF have ,LA= 223727 B= a 


and / C= Z F; then— 
AB_BC_CA 


DE EF FD 
Proor.—Apply A DEF to A ABC so that D may be on A 
and DE on AB;; then FD falls on AC, 
ae A, 
Let E and F be at G and H respectively. 
- Z/ AGH=Z E= Z B (Hyp); 
“GRIPS (1. 21) 


_ AG_ AH 
An AC 
_AB_ AC 
‘AG AH 
_AB_ AC 
‘DE DF 


AB BC 

hae | be pr that — = — 
Sim’ it may be proved that DE EE 
ABS AG BG 


"*DE DF EF 
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(4) In As ABC, DEF, let— 
AB_AC_ BC. 
DE DF EF’ 
then As ABC, DEF are equiangular, 
A 


G 


At E and F make / GEF and Z GFE= / B and £ C 
respectively, 
Then A GEF, ABC are equiangular (Cor. I. 5). 


_ AB_ BC 


GE EF Y-?) 
AB 
GE =DE 


Sim’: GF = DF, 
and EF is common to both A\s DEF, GEF, 
. As DEF, GEF are congruent and equiangular (I. 14). 
And As ABC, GEF are equiangular, 
”. As ABC, DEF are equiangular. Q.E.D. 


Exercises, 


(1) In the sides AB, AC of a triangle ABC are taken two 
points DE, such that BD is equal to CE; DE, BC are produced 
to meet at F. Prove that AB: AC= EF: DF. 


(2) If one of the parallel sides of a trapezium is double the 
other, show that the diagonals intersect one another at a point of 
trisection. 


(2) A and B are two points on the circumference of a circle of 
which C is the centre. Draw tangents at A and B meeting at X, 
and from A draw AN perpendicular to CB. Showthat BX : BC = 
BN : NA. 


Us 
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Theorem 3. 


/f two triangles have one angle of the one equal to one angle 


of the other, and the sides about these equal angles proportional, 
the triangles are similar. 


A 
D 
G H 
B C E ° 
Let As ABC, DEF have 2 A= /7 OD, 
4, AB_AC. 
oe” DE mans 


then the /\s are similar. 


Proor.—Apply A DEF to A ABC so that D may be on A, 
and DE on AB;; then DF falls on AC. 


3 /, DS aa 
Let E and F be at G and H. 
Join GH. 
AB AC 
” De = pe (Hyp. 
_ AB_ AC 
“AG AH 


.. GH || BC (IV. 1), 
.* Z B= Z AGH= Z 
and. 7. 'C =7AanG= v. F 
.“. As ABC, DEF are equiangular. Q.E.D. 


E, 
F 


Exercises. 


(1) The bases BC, EF of two similar triangles ABC, DEF are 


divided in the same ratio at P, Q. Prove that AP: DO = 
BC : EF. . 


(2) In a triangle ABC, AD is drawn perpendicular to the 


base. Prove that the triangle ABC is right-angled if BD : DA = 
DA DC. 
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SIMILAR POLYGONS. 
Theorem 4. 


Lf a polygon is divided into triangles by a line Joining a given 
point to ts vertices, any similar polygon can be divided into corre- 
sponding similar triangles. 

Let ABCDE be a polygon divided into As FAB, FBC, 
FCD ... etc.; then any 
similar polygon abcde can D 
be divided into corre- 
sponding similar As. E C 

Proor.—Let AB, ad; 

BC, dc; CD, cd, etc., be 
pairs of corresponding A B a 
sides. 

At a,b make /s fab, fha= Ls FAB, FBA respectively, 
and join fz, fd, fe. 

Then since /\s FAB, fad are equiangular, 


FB AB 
fb — oR (IV. 2) 

BC 

ve Be 


‘. the polygons are similar (Hyp.). 
And *; £ ABC= Z ate 
and £ ABE = / abf 
tc feeee — / foc 
Hence /\s FBC and /éc are similar (IV. 3). 
Sim” As FCD, FDE, FEA are similar to As fed, fde, fea 
respectively. Q.E.D. 


Exercises. 


: (1) If the given point be one of the vertices, B, prove the 
theorem. 


(2) Draw a triangle ABC congruent with a given triangle 
A’'B’C’ so that the sides BC, CA, AB may pass through three given 
points P, Q, R. 
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AREAS OF SIMILAR FIGURES. 
Theorem 5. 


The ratio of the areas of two similar triangles or of two 
similar polygons, is equal to the ratio of the squares on the corre- 
sponding sides, 

(2) Let ABC, DEF be similar As, having 2 A= Z D, 
ON) = a le ae So — Se then— 


A ABC _ BO 
A A DEF EF® 
D Proor.— Draw AG, 
DH | BC, EF respec- 
B G (ee SN Rs ooh 


Then As ABG, DEH 
are equiangular, 


AG AB BC 
ce a 7 
and DH DE~ EF (IV. 2). 
Z\ ABC zBC . AG 
Now A DEF = ler DH idk 28, Cor. ) 
_ BC* 
EF? 


(4) Let ABCDE, adcde be similar polygons having AB, ad; 
BC, dc; CD, cd, etc., pairs 


D ae 
4 of corresponding sides ; 
Cc then fic. APCRES AB" 
E e Cc abcde a 
PROoF.— 
h B s b Within ABCDE take 


a pt. F. 
Find a pt. f within adcde such that As fab, foe, fed, ete., 
are respectively similar to Ass FAB, FBC, FCD, etc. (IV. 4). 
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D 


oe > ab 


And since the polygons are similar— 


Ape BC. CD 


” ab be tian Se 
FAB AB” BC? 
j Ae Se Bae 
ey: mma a, 
A, FBC 
ae Y Sete 
i fie ete. ; 
, sum of As in ABCDE _ AB’ 
sum of As in abcde ~~ al® 
fig. ABCDE AB? 
aoe = O.EBs 


fig. abcde ~— ab” 


Exercises. 


(1) Prove that similar triangles are to one another in the same 
ratio as the squares on the radii of their circumscribing circles. 


(2) Show that, if similar triangles are described on the three 
sides of a right-angled triangle, the area of the triangle described 
on the hypotenuse is equal to the sum of the other two triangles. 


(3) Prove that the area of the regular hexagon inscribed in a 
circle is three-fourths of that of the regular hexagon described 
about the circle. 
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BISECTOR OF ANGLE OF TRIANGLE. 
Theorem 6. 


(a) The internal bisector of an angle of a triangle divides the 
opposite side internally in the ratio of the sides containing the angle ; 
(6) And likewise the external bisector externally. 


B D C B C D 


Let ABC be a A, and let AD bisect £ BAC internally as in 
Fig. 1, or externally (z.c. AD bisects 2 CAF) cutting BC or BC 
produced in D; then— 

BD _ BA 
CD AC 
Through C draw CE || DA to cut BA produced in E, or BA 
ves 
Since CE || AD, 
L FAD = ZLAEC (I. 21), 
L DAC = LACE, 
and £/ FAD = Z DAC, 
/ AEC = Z ACE; 


— 


S AG = AG 
Again, *." AD || EC, a side of A BEC, 
_ BD _BA 
DCO > AE 
Pw a OD), 
DC AC 
Exercise. 


If a straight line drawn from the vertex to the base of astriangle 
cuts the base internally or externally in the ratio of the sides, it 
bisects the vertical angle or its adjacent exterior angle. (Converse 
of Theorem 6.) 
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Miscellaneous Exercises. 


(1) From a point E in the common base of two triangles ACB, 
ADB, straight lines are drawn parallel to AC, AD, meeting BC, 
BD at F, G. Prove that FG is parallel to CD. 


(2) From any point in the base of a triangle straight lines are 
drawn parallel to the sides. Prove that the intersection of the 
diagonals of every parallelogram so formed lies in a certain 
straight line. 


(3) The side BC of a triangle ABC is bisected at D, and the 
angles ADB, ADC are bisected by the straight lines DE, DF, 
meeting AB, AC at E, F respectively. Show that EF is parallel 
to BC. 


(4) Divide a given straight line in a given ratio. 


(5) Bisect a triangle by a straight line drawn parallel to one 
of its sides. 


(6) Find a straight line such that the perpendiculars on it from 
three given points shall be in a given ratio. 


(7) The diagonals of a quadrilateral, two of whose sides are 
parallel, cut one another in the same ratio. 


(8) Find a point the perpendiculars from which, on the sides 
of a given triangle, shall be in a given ratio. 


(9) ABCDE is a regular pentagon, and AD and BE intersect 
at F. Prove that AF ;: AE = AE: AD. 


(10) Divide a given arc of a circle into two parts, so that the 
chords of these parts shall be to each other in a given ratio. 


(11) Given two similar triangles, show how to construct a 
similar triangle. 


(12) Show that the diagonals of a trapezium cut one another 
in the same ratio. 


(13) If three straight lines drawn from a point cut two parallel 
straight lines in A, B,C and X, Y, Z respectively, prove that 
AB: BC:: XY: YZ. 

(14) Divide a straight line into five equal parts, 

(15) ABC is a triangle, PQ any straight line parallel to AC, 


cutting the sides BC, BA in P, Q respectively. Find the locus of 
the intersection of AP and CQ. 


(16) If two triangles are on equal bases and between the same 
parallels, any straight line parallel to their bases will cut off equal 
areas from the two triangles. 
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(17) The chords AB, CD of a circle meet in X. Prove that 
whether X be within or without the circumference the triangles 
AXC, DXB are equiangular, and further prove that AX. XB = 
(GP, Gav, SBE 


(18) If two straight lines MN, PQ intersect in a point X, so 
that MX : XP = OX: XN, prove that M,P,NQ are concyclic. 


(19) Prove that, if from the vertex of a triangle perpendiculars 
are drawn to the external bisectors of the angles at the base, the 
line joining the feet of these perpendiculars is parallel to the base. 


(20) Prove that the hypotenuse of a right-angled triangle is to 
one side as the second side is to the perpendicular. 


(21) ABCD is a quadrilateral, having the angles BAC, ACB 
right angles, and BM, DN perpendicular to AC. Prove that 
AN = CM. 


(22) In unequal circles, similar segments stand upon chords 
proportional to their radii. 


(23) Ifa triangle be divided into any two triangles by a straight 
line drawn from the vertex to the base, the radii of the circles 
circumscribed about the two triangles shall be in the ratios of 
the sides. 


(24) A quadrilateral ABCD has the side AB equal to CD. 
F and F are the middle points of AC, BD. Show that EF is 
equally inclined to AB, CD. 


(25) If in two circles two parallel radii are drawn, the straight 
line joining their extremities, produced both ways, will cut off 
similar segments of the circles, standing on chords which are to 
one another in the ratio of the radii. 


(26) In unequal circles, similar segments stand upon chords 
proportional to the radii. 


(27) ABCDE is a regular pentagon, and AD, BE intersect at 


O. Show that a side of the pentagon is a mean proportional 
between AO and AD. 


(28) Divide a given arc of a circle into two parts, so that the 
chords of these parts shall be to each other in a given ratio. 


(29) AB, CD are any chords of a given circle. If BC intersects 
AD at P, prove that the chords AB, CD are in the same ratio as 
their perpendicular distances from the point P. 


(30) Form an equilateral triangle with its vertices on three 
given concurrent lines, and a side passing through a fixed point. 


(31) Construct a triangle ABC congruent with a given triangle 
A'B'C so that the sides BC, CA, AB may pass through three given 
points. 


(32) Describe a triangle, having given its angles and perimeter. 
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33) The bisectors of the equal angles of two similar triangles 
are to one another as the bases of the triangles. 


(34) If similar rectilineal figures are similarly described on the 
three sides of a right-angled triangle, the figure described on the 
hypotenuse is equal to the sum of the figures on the other two 
sides. 


(35) Divide a triangle into two equal parts by a straight line at 
right angles to one of the sides. 


(36) ABC, DEF are two triangles, in which AB: BC=DE:DF, 
and the angles BAC and EDF are supplementary. Prove that 
AABC : ADEF = AB?: DE?. 


(37) AB is a Straight line, and D is any point in it. Finda 
point P in AB produced such that PA: PB = DA: DB. 


(38) Prove that the bisectors of an angle of a triangle divide 
the base internally and externally in the same ratio. t 


(39) In the triangle ABC the internal bisector of the angle 
BAC meets BC in D. Given the lengths of AB, AC, AD, show 
how to construct the triangle ABC. 


(40) lf the three sides of a right-angled triangle are in con- 
tinued proportion, the perpendicular from the right angle on the 
hypotenuse divides it in extreme and mean ratio, that is medially. 
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Problem 1 


To describe a circle passing through two given points and 
having its centre in a given straight line. 


Let A and B be the given pts., and CD the given strt. line. 

Join AB ; bisect it in E and draw EF { AB, meeting CD in 
F; join FA, FB. 

Then F is the centre and FA the radius of the required ©. 

Proor.—’.' in /\s AEF, BEF, 

AF = BF (1. 17), 

*. the © described, with centre F and radius FA, passes 

through A and B, and has its centre in CD. Q.E.F. 


Exercises. 


(1) Is the problem possible if CD is parallel to EF? Give 
reasons for answer. 


(2) If CD coincides with EF, is the problem able*to be 
demonstrated ? Give reasons whether the problem is indeterminate 
or not. 
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Problem 2. 


Lo draw a circle through two given points to touch a given 
straight line. 


Let A and B be the two given pts., and CD the given strt. 
line. Join AB and produce the line AB tocut CDatE. Draw 
any © through A and B and let EF be a tan. toit. On EC, 
ED respectively make EG = EG’ each=EF. Then the @s 
ABG, ABG’ are the ©)s required. 

Proor.—EF* = EA. AB =a constant for all ©s through 
A and B. 

But EF? = EG? = EG” (Const.) 
=.EA .AB, 
*, since EG? = EG” = EA. AB, the @s ABG, ABG’ passing 
through the pts. A and B touch the strt. line CD in G and G’ 
respectively. Q.E.F. 


Exercise. 


Try the above construction when AB is parallel to CD. Does 
the construction fail ? 
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Problem 3. 


To describe a circle passing through two given points and 
touching a given straight line. 


C F F 


5 C tee D 
7S 


D A 
ee A ee: 
—_ 
i: II. 


CasE I.—Let A and B be the two given pts., and CD the 
given strt. line. 
Produce CD to meet AB produced in E. 
Make EF such that EF? = AE. EB (see Problem 14). 
Describe a © passing through A, B, and F (III. 2). 
Proor.—.’. the © ABF touches the strt. line CD in F ; 
>, EPO => AG 


Case II.—Let AB be || CD. 
Bisect AB in E; draw EF | CD; make £ FBG= Z BFG. 
Then G is the centre and GB is the radius of the required ©. 
Proor.—.’. the © ABF with centre G and radius GB 
passes through A and touches CD at F. 
For GA = GB = GF, 
and Z/ GFDisart. Z. Q.E.F. 


Exercise. 


If CD meets AB between A and B, is the problem possible? 
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Problem 4. 


To describe a circle passing through a given point and touching 
two given straight lines. 


B 


Let D be the given pt., and AB, AC the given strt. lines. 

Draw AE, bisecting the / BAC. 

From D draw DG 1 AE, and produce it to D’, making 
GD’ = DG. 

Produce D’D to meet AC in F. 

Describe a sq. = FD. FD’, and cut off FH =a side of 


the sq. 
Describe a © through the pts. D’, D, H (III. 2). 
PROOF.— Then since FD . FD’ = FH’, 


.. © touches AC at H; 
and °." its centre is in AE, the bisector of the £ BAC, it may 
be shown also to touch AB. Q.E.F. 


220 Practical and Theoretical Geometry 


Problem 5D. 


To describe a circle to touch a given circle, and also to touch 
a given straight line at a is point. 


- 


Let ABC be the given ©, DE the given strt. line, and F 
the given pt. in it. 

From F draw FG 1 DE. 

Then the centre of the required © must lie in FG. 

Find H, the centre of the © ABC (III. 1). 

Draw AHB, a diameter | DE; join F to one extremity A, 
cutting the ©” at C. 

Join HC, and produce it to cut FG at G. 

With radius GF describe the © FKC. 

Prove that it touches the given © ABC at C, and the given 
strt. line DE at F. 


D E 


Exercises. 
(1) Show that a second solution is obtained by joining FB, 
and producing it to meet the circumference. 


(2) Describe a circle to touch a given straight line, and to 
touch a given circle at a given point. 
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Problem 6. 


To describe a circle to pass through two given points and to 
touch a given circle. 


Let A and B be the given pts., and CDE the given ©. 
Through Aand B describe any © cutting the given © CDE 
in C and E. Join AB, CE, and produce them to meet in F. 
From F draw FG tan. to the © CDE, and let G be the pt. 
of contact. 
Then the © described through ABG will touch the given ©. 
PRooF.— Since in the © ABEC, 
AF. FB =FC. FE; 
and in the @ DCE, 
FG? = FC. FE; 
”. AF. FB = FC. FE = FG; 
.. FG touches the @) ABG at G. 
“. the © ABG touches the given ©), and it passes through 
the given pts. Aand B. Q.E.F. 


Exercises. 


(1) How many solutions are there of this problem? Why? 


(2) Does the general construction fail when the straight line 
bisecting AB at right angles passes through the centre of the given 
circle? 


(3) Draw a circle with its centre on a given straight line, to 
pass through a given point, and to touch a given circle. 
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Problem 7. 


To inscribe an equilateral triangle in a given circle, 


CCE 6 
Sey, 


A 


Let ABC be the given ©. 
Find its centre D. 
Draw any equil. A E, and produce one of its sides. 
At D, in the © ABC, make the 2s ADB, BDC, CDA = ext. 
i obequil, A. E = 120%, 
Join AB, BC, CA, the pts. on the O”. 
Then ABC is the required A. 
Proor.—Since £ ADB = £ BDC= / CDA, 
*. arc AB = arc BC = arc CA({IIL, 3) > 
*, chord AB = chord BC = chord CA (III. 4), 
.. ABC is an equil A. QEF. 
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Problem 8. 


Lo circumscribe an equilateral triangle about a given circle. 


€ 


A D B 


Let DEF be the given ©. 

Find G, its centre (III. 1). 

At centre G make £s DGE, EGF, FGD each = 120° 
= ext. / of an equil. A, and let their arms terminate on the 
O* at D, E, F. 

Through the pts. D, E, F draw the tans. AB, BC, CA to 
the given ©), cutting each other in the pts. A, B, C (III. 6). 

Then ABC is the required equil. A. 

Give proof. 
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Problem 9. 


To circumscribe an equilateral triangle about a given circle. 


A F D G B 


Let CDE be the given ©. 

Draw a tan. AB to the © DEF (III. 6). 

With a set square having an / 60°, draw the tan. HF to the 
©, making an / 60° with AB, or AB produced at F. 

Sim”, draw the tan. HG to the ©, making an / 60° with AB, 
or AB produced at G. 

Then FGH is the required equilateral A. 

Give proof. 
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Problem 10. 


To inscribe a square in a given circle. 


D 


B 


Let ABCD be the given ©. 

Find E, the centre of the © (III. 1). 

Draw any diameter AC, and another BD 1 to it. 
Join AB, BC, CD, DA. 

Then ABCD is the required sq. 

Give proof. 
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Problem 11. 


To circumscribe a square about a given circle, 


Let ABCD be the given ©. 

Find E the centre of the ©, and draw two diameters AC, 
BD 1 to one another. 

Through A, B, C, D draw FG, GH, HK, KF 1 EA, EB, 
ECZED; 

Then FGHK is the required sq. 

Give proof. 


Exercises. 


(1) Circumscribe a circle about a given square. 
(2) Inscribe a circle in a given square. 

(3) Circumscribe a rhombus about a given circle. 
(4) Describe a circle about a given rectangle. 

(5) Describe a square about a given rectangle. 


(6) Describe (i) a square ; (ii) a circle in a given quadrant. 
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Problem 12. 


To inscribe a regular pentagon tn a circle, 


D 


A B 


Let ABCDE be the given ©. 

Find its centre F, 

At F make the five /s AFB,-BFC, CFD, ... each= 
oat. f= 72. 

Then the © ABCDE is divided into five equal parts, and 
by joining the pts. of division on the ©”, ABCDE is the required 
pentagon (III.3; III.4). Q.EF. 
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Problem 13. 


To circumscribe a resular pentagon about a given circle. 


Let FGH be the given ©. 

Find its centre F (III. 1). 

Divide the © into five equal parts as in the previous 
problem. 

At the pts. of division on the ©” draw tans. AB, BC, CD, 
DE, EA to the ©”, cutting each other at the pts. A, B, C, D, 
and E. 

Then ABCDE is the required pentagon. 

Give proof. 
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Problem 14. 


To inscribe a regular hexagon in a given circle. 


E—~_D 


Let ABCDEF be the given ©. 
Find its centre G. 
Place end to end in the ©, six chords AB, BC, CD, . . . 
each = radius GA. 
Then ABCDEF is a regular hexagon. 
Join AG, GB. 
Proor.—Now A AGB is equilateral. 
-/:; AGB = Go-- 
.. AB subtends an / 60° at the centre. 
Sim” each chord subtends an / 60° at the centre. 
.. the total £ subtended by the six chords = 360°. 
.. the six chords form a closed regular hexagon ABCDEF, 
Q.E.F, 
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Problem 15. 


To circumscribe a regular hexagon about a given circle. 


Let HIK be the given ©. 

Find its centre G. 

Take the radius GH within the legs of the compasses, and 
divide the ©“ into six equal parts. At the pts. of division on 
the ©* draw the tans. AB, BC, CD, DE, EF, FA, cutting each 
other at the pts. B, C, D, E, F, A. 

Then ABCDEF is the required hexagon, 

Give proof, 
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Problem 16. 


To circumscribe a regular hexagon about a given circle. 


Let HIK be the given ©. 

Find its centre G. 

Divide the © into six equal parts by making the six /s 
at G each = 60°. 

At the pts. of division on the © draw the tans. AB, BC, 
CD, DE, EF, FA to the ©, cutting each other at the pts. A, 
B, C, D, E, F. 

Then ABCDEF is the required hexagon. 

Give proof. 
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General rule for inscribing a regular figure of three, four, 
five, six, or any number of sides in a given circle. 

Find the centre of the circle. At the centre of it make 
the number of angles equal to the number of sides of the 
required figure, and each equal to 360° divided by the number 
of sides, ¢g. for an equilateral triangle the three angles at the 


° 


centre of the circle must each equal = 120°; for a square, 


360° 


the four angles at the centre must each equal = go, and 


soon. Then join the points of division on the circumference 
to form a closed figure within the given circle. 


Exercise. 


Inscribe a regular figure of (a) eight, (4) ten, (c) twelve sides in 
a given circle. 


General rule for circumscribing a regular figure of three, four, 
five, six, or any number of sides about a given circle, 

Find the centre of the circle, and divide the circumference, 
as in the previous paragraph, into the required number of 
equal parts, z¢. three for an equilateral triangle, four for a 
square, and etc. Then draw tangents to the circle at the 
points of division, and the required figure will be circumscribed. 


Exercise. 


Circumscribe a regular figure of (a) eight, (4) ten, (c) twelve 
sides about a given circle, 
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Problem 17. 


(a) To ctrcumscribe a circle about a given regular polygon. 
(0) Zo inscribe a circle in a given regular polygon. 


(2) Bisect any two adj. Zs A and B by AG, BG. 
With centre G and radius GA draw a ©). 

This is the circumscribing ©. 

(4) Draw GH | AB, meeting it in H. 

With centre G, and radius GH, describe a ©. 
This is the inscribed ©. 


Exercise. 


Apply the above methods to any given regular polygon, 
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Problem 18. 


To construct a square equal in area to a given rectangle. 


Let ABCD be the given rect. 
Produce AB to E, making BE = BC. 
Bisect AE at F. With centre F, and radius FE, describe the 
semi-(@) AGE. 
Produce CB to meet the semi-@) in G. 
Then BG is a side of the required square. 
Proor.- -Since AE is divided equally at F and unequally 
at E. 
.. the rect. AB. BE + FB° = FE? (II. 6) 
= FG" 
= FB* + BG’. 


‘Taking away the common sq. FB? from both sides 
rect. AB. BE = rect. AB. BC=BG. Q.E.F. 


As a corollary it might be stated that if from any point in 
the circumference of a circle a perpendicular be drawn to meet 
the diameter, the square on the perpendicular is equal to the 
rectangle contained by the segments into which it divides the 
diameter. 
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Problem 19. 


Lo find a fourth proportional to three given straight lines. 


| abc 
A EF B 


Let a, 4, c be the three given strt. lines. 

Draw any two strt. lines AB, AC, making a convenient /. 

Along AB set off AE and AF=@ and a respectively. 
Along AC set off AG = ¢. 

Join GE. Draw FH || EG, meeting AC in H. 

Then GH is the required fourth proportional, 


PRooFr.— Since GE || FH, 
_ AE _AG 
“AF GH 
b Cc 
1c. a 
Exercise. 


Find graphically the fourth proportional to 3, 4, 5. Check 
result by calculation. 
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Problem 20. 
To find a third proportional to two given straight lines. 


A E fF B 


Let a, & be the two given strt. lines. 

Draw any two strt. lines AB, AC, making a convenient / . 

Along AB set off AE =a@; along AB, AC set off AF, AH 
each = 0. 

Join HE; draw FG || EH, meeting AC in G, 

Then AG is the required third proportional. 

Give proof. 


Exercises. 
_ (1) Divide a given straight line internally and externally in a 
given ratio. Is this always possible? 


(2) Find graphically the third proportional to 6°3, 8°6. Check 
result by calculation. 
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Problem 2]. 


Lo find a mean proportional between two given straight lines. 


——- h 


B C 


Let @ and 4 be the two given strt. lines. 

Place a, 4 in a strt. line as AB, BC, and on AC describe 
a semi-@) ADC. 

From B draw BD | AC. 

Then BD is the mean proportional required. 

Join AD, DC. 

Proor.— Now £ ADC=rt. Z (III. ), 

and /\s ABD, DBC are equiangular and .*. similar ; 


SAB...BD 
BD. DG 
? a BD 
2.€. BD = b Q.E.F. 
Exercise. 


Find graphically the mean proportional between (i.) I and 3, 
(ii.) 1 and 4. 
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Problem 22. 


On a given straight line to construct a figure similar to a 
given rectilinear figure. 


A B A' B 


Let ABCDE be the given figure, and A’B’ the given strt. line. 
Join AC, AD. 

On A’'B’ make A A'B'C equiangular to A, ABC. 

On A'C' make A A‘C'D’ equiangular to A\ ACD. 

On A’D' make A A’D’E’ equiangular to A ADE. 

Then A’B'C'D’E’ is similar to ABCDE. 

Using Prop. 2, Bk. IV., prove that the figures are similar. 
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Problem 23. 


On @ given straight line to construct a figure similar to a 
given rectilinear figure. 


D 


ASG 


From the method indicated in the above diagram construct 
a figure similar to the given rectilinear figure ABCDE. 
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Problem 24. 


To construct a triangle whose sides are in the ratio 2: 3: 4. 


Draw a line EF and divide it into nine equal parts or units 
of length. 
Make EA = two units of length. 
,» AB = three 
», BF = four ” ” 
On AB, as base, describe the A. ABC, making AC = AE, 
and BC = EF. 
Then ABC is the required A. Q.E.F. 


” 99 


Exercise. 


Construct a triangle of given perimeter, whose sides are in the 
ratlo 3:4: 5. 


Miscellaneous Practical Exercises. 
(1) Draw a circle to touch a given circle, and also to touch two 
given straight lines. 


(2) Find a point in a given straight line, such that its distance 
from a given point is equal to its distance from the circumference 
of a given circle. 


(3) Find graphically the fourth proportional of (a) 3, 4, 5; 
(6) 4°5, 6, 8. Check result by calculation. 


(4) Find graphically a third proportional to 1°5 and 1, 


(5) Show graphically that : = = 


12. 
(6) Find graphically the values of /2, ,/3. Correct to two 
places of decimals. 
(7) Find graphically a mean proportional between— 
(a) 1t and Io. (4) 4 and 9. (c) 3 and 6, (@) } and 3. 


Practical and Theoretical Geometry 241 


(8) Divide a given straight line into three segments, in the 
yaa... & < 7. 

(9) Draw a triangle, and construct an equivalent rectangle. 

(10) Describe squares equal in area to the following figures :— 

(a) A rectangle with sides 3 in. and 4 in. 

(4) A parallelogram with sides 1°5 in. and 2°5 in., and an 
included angle of 60°. 

(c) A quadrilateral ABCD given (AB = Io cm., BC = 8cm.,, 
CD =9em.,, DA =7 cm., BD =§ cm.). 

(11) Describe equilateral triangles on the side and diagonal of 
a square. Determine the ratio of their areas. 

(12) On the sides of a right-angled triangle describe equilateral 
triangles. Find the ratio of the areas of the three equilateral 
triangles. 

(13) The areas of two similar triangles are 64 sq. in. and 36 
sq. in.; the base of the greater is 8 in. By construction and cal- 
culation determine the base of the other. 

(14) Describe a figure to prove that equiangular polygons are 
not necessarily similar. 

(15) Describe a triangle, having given its angles and the differ- 
ence of two of its sides. 


LIST OF DEFINITIONS 


AN angle is the inclination of two straight lines, which meet together, 
but are not in the same straight line. 

Adjacent angles are angles having a common vertex, a common arm, 
and do not overlap. 

Straight angle. If the two arms of an angle lie in the same straight 
line, then the angle formed by them on either side is called a straight angle. - 

Right angle, perpendicular. When a straight line standing on another 
straight line makes the adjacent angles equal to one another, each of the 
angles is a right angle. ‘The straight line which stands on the other is 
called a perpendicular to it. 

An obtuse angle is an angle greater than a right angle, but less than 
two right angles. 

An acute angle is an angle which is less than a right angle. 

Supplementary angles. If two angles be together equal to two right 
angles, they are said to be supplementary. 

Complementary angles. If two angles be together equal to a right 
angle, they are said to be complementary, 

Vertically opposite angles. When two straight lines intersect one 
another, the opposite angles so formed are termed vertically opposite 
angles. 

aN reflex angle is an angle greater than two right angles, and less than 
four right angles. 

The area of a figure is the amount of surface enclosed by its boundary. 

A unit of area is a square with a side of unit length. 

Congruency. Figures are said to be congruent when they can be made 
to coincide. 

A circle is a plane figure contained by one line, which is called the 
circumference, and is such that all the straight lines drawn from a certain 
point within the figure to the circumference are equal to one another, 
This point is called the centre of the circle. 

The radius of a circle is a straight line drawn from the centre to the — 
circumference. 

The diameter of a circle is a straight line drawn through the centre and 
terminated both ways by the circumference. 

A semicircle is the figure bounded by the diameter and part of the 
circumference cut off by the diameter. 

A segment of a circle is the figure bounded by any straight line and 
part of the circumference which it cuts off. 

A chord of a circle is a straight line joining any two points on the 
circumference. 

An are ofa circle is any part of the circumference, 

A secant of a circle is a chord produced both ways. 

The angle in a segment of a circle is the angle subtended by the chord 
of the segment at a point on the arc. 
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Contact of circles. Circles are said to touch one another at a point 
when they have a common tangent at that point, or when their two points 
of intersection coincide. 

Circumscribed circle. A circle is said to be circumscribed about a 
rectilineal figure when the circumference of the circle passes through all 
the angular points of the figure. 

__ A rectilineal figure is said to be circumscribed about a circle when each 
side of the figure touches the circle. 

Inscribed circle. A circle is said to be inscribed in a rectilineal figure 
when the circumference of the circle is touched by each side of the figure. 

Concyclic. Four or more points which lie on the same circle are said 
to be concyclic. 

Cyclic. A rectilineal figure which is such that a circle can be drawn 
about it is said to be cyclic. 

Lime (straight). A straight line is one such that only one of its kind 
can pass through two given points. 

Line (curved). If a line be not straight, it is said to be curved. A 
curved line is one of varying direction. tie eta 

Locus. If a line, or group of lines, satisfy a certain geometrical con- 
dition, and if all the points satisfying the given condition be on that line 
or group of lines, then the line or group of lines is called the locus of a 
point. 

Collinear. Three or more points are said to be collinear when they 
lie on the same straight line. 

Parallel straight lines are such as, being in the same plane, do not 
meet, however far they are produced in either direction. 

A polygon is a plane figure bounded by four or more straight lines. 

A convex polygon is one whose boundary cannot be intersected at more 
than two points by a straight line drawn across the figure. 

A pentagon, hexagon, heptagon, octagon, nonagon, decagon is a 
polygon of five, six, seven, eight, nine, ten sides. 

A pentagram is a five-sided, star-shaped figure in which each side is 
met by all the other sides without the necessity of producing any of the 
sides. 

A hexagram is a six-sided figure in which any side is met by the 
opposite side, z.¢, fourth in order counting from that side, without the 
necessity of producing any side. 

A quadrilateral is a plane figure bounded by four straight lines. 

A diagonal of a quadrilateral is the straight line joining the opposite 
angular points. ; 

A parallelogram is a four-sided figure consisting of two pairs of parallel 
sides. 

A rectangle is a parallelogram which has one of its angles a right angle. 

A square is a four-sided figure which has all its sides equal, and one of 
its angles a right angle. : 

A rhombus is a four-sided figure which has all its sides equal, but its 
angles are not right angles. ; 

A rhomboid is a four-sided figure consisting of two pairs of parallel 
sides, but its angles are not right angles. te 

A trapezium is a four-sided figure which has two of its sides parallel. 

Trapezium isosceles and scalene. If the trapezium has the sides which 
are not parallel equal to one another, it is an isosceles trapezium ; if the 
four sides be uneven it is a scalene trapezium. 

Surface is that which has length and breadth, but not thickness. 
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A plane surface is one such that only one of its kind can pass through 
three given points. ; 

A triangle is a plane figure bounded by three straight lines. 

An obtuse-angled triangle is a triangle which has an obtuse angle. 

A right-angled triangle is a triangle which has a right angle. 

An acute-angled triangle is a triangle which has three acute angles. 

An equilateral triangle is a triangle which has three equal sides. 

An isosceles triangle is a triangle which has two of its sides equal. 

A scalene triangle is a triangle which has three unequal sides. 

Any side of a triangle may be taken as the base, and then the corre- 
sponding vertex is the opposite angular point. i 

A median of a triangle is the straight line joining an angular point to 
the middle point of the opposite side. 


POSTULATES. 


Let it be granted— 
(1) That a straight line may be drawn from any one point to any other 
oint. © 

: (2) That a finite, that is to say, a terminated straight line may be 
produced to any length in that straight line. 

(3) That a circle may be described from any centre, at any distance 
from that centre, that is, with a radius equal to any finite straight line 
drawn from the centre. 


GENERAL AXIOMS. 


(1) Things which are equal to the same thing are equal to one another. 

(2) If equals be added to equals, the wholes are equal. 

(3) If equals be taken from equals, the remainders are equal. 

(4) If equals be taken from unequals, the remainders are unequal, the 
greater remainder being that which is left from the greater of the unequals. 

(6) Things which are double of the same thing, or of equal things, are 
equal to one another. 

(7) Things which are halves of the same thing, or of equal things, are 
equal to one another. 

(8) The whole is greater than its part. 


GEOMETRICAL AXIOMS. 


(9) Magnitudes which can be made to coincide with one another are 
equal. 

(10) Two straight lines cannot enclose a space. 

(11) All right angles are equal. 


OXFORD LOCAL EXAMINATIONS, 1905 


SENIOR CANDIDATES. 
WEDNESDAY, JULY 19, FROM 10.45 A.M. TO 12.15 P.M. 
Geometry. 


The constructions in questions 1, 3, and 6 should be explained, and 
shown to be correct. 


1. Draw a circle through three points which are not in the same 
straight line. 

2. If the square on one side of a triangle is equal to the sum of the 
squares on the other two sides, prove that the angle contained by these two 
sides is a right angle. 

3. Divide a straight line into two parts so that the square on one part 
may be double the square on the other part. 

4. Prove that the angle in a semicircle is a right angle, and that the 
angle in a segment less than a semicircle is greater than a right angle. 

5. If P is a fixed point outside a circle, and a straight line through P 
meets the circumference of the circle in Q and R, prove that the rectangle 
PQ . PR is equal to the square on the tangent drawn to the circle from P. 

Find the locus of the mid-point of QR. 

6. Construct a triangle having given the base, the vertical angle, and 
the sum of the remaining sides. 

7. If ABCD is a square circumscribing a circle, and any tangent to the 
circle meets AB, BC, CD, AD in P, Q, R, and S respectively, prove that 
PQ, QR, RS subtend equal or supplementary angles at the centre of the 
circle. 

8. Four points A, B, C, D are taken on a circle so that the chords AC, 
BD are at right angles to each other. Prove that the tangents at A, B, C, 
D form a quadrilateral which can be inscribed in a circle. 

9. If a radius of a circle is drawn perpendicular to a given diameter, 
and through the extremity of the radius any straight line is drawn, prove 
that the sum of the squares on the perpendiculars drawn to this straight 
line from the extremities of the diameter is constant, and equal to twice 
the square on the radius of the circle. 


SATURDAY, JULY 22, FROM 12 TO I P.M. 
Geometrical Drawing. 
The construction must in every case be fully shown. 


1. A quadrilateral figure has two equal adjacent sides 2” in length 
which include an angle of 45°. The other sides are equal and include an 
angle of 90°. Inscribe a semicircle within it, the longer sides being 
tangents to the arc. 
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2. Construct an isosceles triangle ABC having base AB 1)” and vertical 
angle 30% Mark a point D 2” above B. Make a triangle equal in area 
to ABC having its base in AB and its apex at D. ; : 

3. The given pattern is drawn to a scale of ?” to a foot. It is required 
to be redrawn to a scale of 1” toa foot. The radii marked A and B are 
equal. 


Note.—The construction lines should be drawn, but not more than half 
the pattern need be finished. 


JUNIOR CANDIDATES. 


WEDNESDAY, JULY 19, FROM 10.45 A.M. TO 12.15 P.M. 
Geometry. 


Marks will be awarded for neainess in the drawing of figures. 
In the constructions in questions 1 and 2, no explanations need be given, 
but all lines required in those constructions must be clearly shown, 


1, Construct a rhombus which shall have an area of 96 square centi- 
metres, and each side Io centimetres in length. Measure the longer 
diagonal in centimetres. 

2. Draw a triangle with sides 2°5, 6, and 6°5”’ long. Inscribe a circle 
in the triangle, and measure its radius in inches. 

3. If two angles of a triangle are equal, prove that the sides opposite 
to them are also equal. 

4. Prove that the diagonals of a parallelogram bisect one another. 

5. If the radius of a circle is 5 centimetres long, find the locus of the 
mid-points of all chords of the circle which have a length of 6 centimetres. 

6. Prove that the opposite angles of any quadrilateral inscribed in a 
circle are supplementary. 

7. Construct a triangle ABC, having given the lengths of the perpen- 
dicular from B to AC, and of the sides AB, AC, Explain your construc- 
tion and show that it is correct. 

8. If two circles touch one another externally at P, and a common 
tangent to the circles touches one circle at Q and the other at R, prove 
that QR subtends a right angle at P. 
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FRIDAY, JULY 21, FROM II.15 A.M. TO 12.45 P.M. 
Higher Geometry. 


Write Higher Geometry at the head of each sheet of your answers, or you 
will obtain no credtt for your work. 

Marks will be awarded for neatness in the drawing of figures. 

Ln the constructions in questions 1 and 2, no explanations need be given, 
but all lines required in those constructions must be clearly shown. 


1, Draw two circles, one with radius 2 centimetres and the other with 
radius 3 centimetres, having their centres 10 centimetres apart, and con- 
struct a third circle with radius 4 centimetres touching each of them. 

2. Divide a straight line AB, 6 centimetres long, internally at X and 
externally at Y, in the ratio of 5:2. Measure AY in centimetres. 

38. ABC and DEF are similar triangles having AB and DE correspond- 
ing sides. If the area of DEF is four-ninths of the area of ABC, and DE 
is 4” long, calculate the length of AB. 

4. If two circles intersect, prove that the straight line which joins their 
centres bisects their common chord at right angles. 

What does this theorem become, in the limit, when the circles touch 
one another ? 


SATURDAY, JULY 22, FROM I2 TO I P.M. 
Geometrical Drawing. 


Both neatness and accuracy of work will be required to obtain full marks 
Jor any question. Candidates are advised not to ink in their problems. 


1. Find a third proportional to two lines 14” and 2)” long. Upon this 
line construct an equilateral triangle. 

2. Within a circle of 1)” radius inscribe two other circles of }” and 3?” 
radius respectively, to touch each other and the circumference of the given 
circle. 

3. Construct a scale 2)” to 1 yd. to show 53’. The scale must be 
neatly figured, and read to divisions of 6”. 

4. Make a copy of the diagram of the Lancet-Arch of double the size. 
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PRELIMINARY EXAMINATION. 
WEDNESDAY, JULY 19, FROM 10.45 A.M. TO 12. 
Geometry. 


Marks will be awarded for neatness in the drawing of figures. 
In the constructions numbered 1, 5, 6 no explanations need be given, but 
all lines required in the constructions must be clearly shown. 
1. Draw a straight line 4°7” long and measure its length in centimetres. 
2. Bisect a given angle. Explain your construction and prove that it 
is correct. ; 
8. If two straight lines intersect, prove that the vertically opposite 
angles are equal. 
4. Prove that the straight lines which join the extremities of two equal 
and parallel straight lines towards the same parts are themselves equal and 
arallel. 
: 5. Construct a triangle ABC in which AB = 3”, BC = 4”, and the 
angle A = 72°. 
Measure the side AC. 
6. Construct a parallelogram ABCD having 
AB = 6 centimetres, 
AD = I0 centimetres, 
and AC = 14 centimetres. 


Measure the angle ABC. 


PRELIMINARY EXAMINATION. 
THURSDAY, JULY 20, FROM 9 TO IO A.M. 


Higher Geometry. 


Marks will be awarded for neatness in the drawing of figures. 

In the construction in question 1 no explanation need be given, but all lines 
required in the construction must be clearly shown. 

1, A chord of a circle is 6” long, and its perpendicular distance 
from the centre of the circle is 4”. Construct the circle and determine 
its radius. 

2. Prove that the greater of two unequal chords of a circle is nearer to 
the centre of the circle than the less. 

8. Draw the tangents to a circle from an external point P. Explain 
your construction and prove that it is correct. If the circle has a radius of 
5 centimetres, and the distance of P from the centre is 13 centimetres, 
calculate the length of each tangent. 

4. If the interior of a cylindrical box is 10’ high and 2” in diameter, 
how many spheres of 1” radius can be placed inside it ? 

_ 5. Find the locus of the centres of all circles which pass through two 
given points. 


WEDNESDAY, JULY I9, FROM 2 TO 3 P.M. 
Geometrical Drawing. 


1, Construct a plain scale of 4, to measure yards and feet. The scale 
must be long enough to measure § yards. 
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2. A triangle ABC has the base AC = 2", the angle BAC = 30°, 
and the angle ACB = 120°. 
(2) Construct the triangle. 
; (4) From B draw a line in a direction perpendicular to the base AC 
without producing the base. 

3. Describe a circle 3” in diameter, divide the circumference into 
5 equal parts, and draw the figure formed by joining the alternate points 
of division. 

4. Ina square of 33” side inscribe a regular octagon. 

5. From a point A draw two straight lines AB and AC inclined to each 
other at an angle of 45°, and describe a circle of 1” radius touching both 
lines. Draw a second circle in the space between the first circle and the 
point A touching the lines AB and AC and also the circle. 


1906. 
SENIOR CANDIDATES. 
TUESDAY, JULY 17, FROM II.15 A.M. TO 12.45 P.M. 
Geometry. 


The constructions in questions 1, 4, and 6 should be explained, and 
proved to be correct. 


1. Prove that triangles on the same base and between the same parallels 
are equal in area. 

From a point on the base of a triangle draw a straight line to divide 
the area of the triangle into two equal parts. 

2. If the internal bisector of the angle A of a triangle ABC meets the 
perpendicular bisector of the base BC in the point O, and if perpendiculars 
OM, ON to the sides AB, AC meet them respectively in M and N, prove 
that 

(1) AM=AN ; (2) -BYR=— NC; 


3. Illustrate geometrically the identity 
(a+ 4)(a— 6) = a? -0’, 


If the diagonal AC of a rhombus ABCD is produced to any point P, 


prove that 
Pate — PB*—-AB. 


4. Divide a straight line into two parts so that the rectangle contained 

by the whole line and one of the parts is equal to the square on the other 

art. 
‘ 5. Prove that the angles in the same segment of a circle are equal. 

Two circles intersect at A and B ; through A two lines LM and PQ 
are drawn, meeting the first circle in L and P, and the second circle in M 
and Q. If these four points are joined to B, prove that the angles LBP, 
MBQ are equal. 

6. Define a tangent to a circle, and prove that it is at right angles to 
the radius drawn to the point of contact. 

Draw a circle to pass through a given point P, and to touch a given 
circle at a given point Q. When does the construction appear to fail ? 
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7. Chords of acircle are drawn through a given internal point O ; 
prove that the rectangle under their segments is constant. ; 

8. Tangents are drawn at the ends of a fixed diameter AB of a circle, 
and are cut by a third tangent in points P, Q respectively ; prove that the 
rectangle AP . BQ is constant. 


JUNIOR CANDIDATES. 
TUESDAY, JULY 17, FROM II.I5 A.M. TO 12.45 P.M. 
Geometry. 


Marks will be awarded for neatness and accuracy in the drawing of 
figures. 

In the constructions in questions 2 and 3 no explanation need be given, 
but all lines required in those constructions must be clearly shown. 


1. Prove that, if, in two triangles ABC, PQR, the sides AB, BC are 
respectively equal to the two sides PQ, QR, and the angle ABC is equal to 
the angle PQR, the two triangles are equal in all respects. 

Prove that the triangle formed by joining the mid-points of the sides of 
an isosceles triangle is also isosceles. 

2. Prove that triangles on the same base and between the same 
parallels are equal in area, 

On a base of 2” describe a triangle having an area of 1} sq. in., and 
having one side 3” long. 

3. Prove that, in a right-angled triangle, the square on the hypotenuse 
is equal to the sum of the squares on the other two sides. 

If the hypotenuse measures 39’ and one of the sides measures 15’, 
calculate the length of the other side, and verify by drawing a triangle to 
the scale I cm. = 10’. 

4. Two equal circles intersect at A and B ; and through B a straight 
line is drawn cutting the circles again in P and Q. Prove that P and Q 
are equidistant from A. 

5. Show how to inscribe a circle in a given triangle, proving the 
correctness of the method. 

Draw two diameters of a given circle, crossing each other at right 
angles, and inscribe circles in the four sectors so formed. (Your construc- 
tion must be explained and its aceuracy proved.) 

6. Define—a right circular cone, a prism, a pyramid. 


In a triangular pyramid how many edges are there, and how many 
corners ? 


JUNIOR CANDIDATES. 
THURSDAY, JULY 19, FROM 9 TO I0 A.M. 
Geometrical Drawing. 


Both neatness and accuracy of work will be required to obtain full marks 
Jor any question. Candidates are advised not to ink in their problems. 


1, Drawa line 5” in length to represent 300’. Construct upon this line 
a diagonal scale to show single feet. Figure your scale neatly. 
2. Construct a triangle on a base of 2)", the vertical angle to be 60° 


and one of the remaining sides 2”, About this triangle describe a 
circle, 
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S Construct a rectangle on a diagonal of 3”, two sides being each 
1)” long. 


4. Make a copy of the above diagram of twice the size. (The con- 
struction is based on a regular hexagon.) 


PRELIMINARY EXAMINATION, 
WEDNESDAY, JULY 18, FROM 9 TO IO.I5 A.M. 
Geometry. 


Marks will be awarded for neat and accurate figures. 
Lines and arcs used in constructions should not be rubbed out. 


1. Draw a triangle whose sides are 10 cm., 7°5 cm., and 5°5 cm. 
Measure its angles. 

Draw the perpendicular from the greatest angle to the opposite side of 
this triangle without using the set-square or protractor ; and measure the 
lengths of the parts into which this side is divided by the perpendicular. 

2. Show how to bisect an angle, and prove the correctness of your 
method. 

Draw two straight lines AB, CD cutting each other at a point O, so 
that the angle AOC = 50°. Bisect the angles AOC and COB by lines OK 
and OL, and find by calculation the number of degrees in the angle KOL. 

- 3. If two triangles ABC, PQR have their sides equal, namely, AB = 
PQ, BC = QR, and CA = RP, prove that the triangles are equal in every 
respect. 

vi Prove that parallelograms on the same base and between the same 
parallels are equal in area. 

Draw a parallelogram with sides 2} and 1}”, having an area of 
3 sq. inches, and explain your method of obtaining the correct area. 


PRELIMINARY EXAMINATION. 
THURSDAY, JULY 19, FROM 9 TO IO A.M. 
Higher Geometry. 
Marks will be awarded for neatness and accuracy in the drawing of 
geometrical figures. 
1. Draw a quadrilateral figure ABCD such that AB = AD, and CB = 


CD. Prove that the diagonal AC bisects the angles at A and C, 
Prove also that the diagonals AC, BD cut each other at right angles. 
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2. If in a triangle ABC, the square on BC equals the sum of the squares 
on AB, AC, prove that the angle BAC is a right angle. 

Construct a line whose length = »/15 centimetres. 

8. Prove that an angle at the centre of a circle is double an angle at the 
circumference standing on the same arc. 

Draw a figure showing an angle of 120° at the circumference ; and state 
carefully which is the corresponding angle at the centre. What fraction of 
the whole circumference is the arc on which the angle stands ? 

4. Show how to draw a common tangent to two circles, and to find its 
two points of contact. 

Draw a tangent to two circles whose centres are 6°5 cm. apart and whose 
radii are 5 and 2°5 cm.; and calculate the length of this tangent between 
the points of contact. 

5. Show that the square on a diagonal of a cube is equal to three times 
the square on any edge. 


PRELIMINARY EXAMINATION. 
THURSDAY, JULY I9, FROM IOTO II A.M. 
Geometrical Drawing. 


1. (a) Construct a plain scale to represent miles and furlongs, taking 
why as the representative fraction and showing at least four miles. 
(2) What line in your figure represents two miles three furlongs ? 
2. Describe five circles, equal to and touching each other, surrounding 
and touching a circle of one inch diameter. 
8. Construct a triangle with sides inthe ratio 5 : 6 : 7, the longest side 
being 4” in length. In this triangle inscribe a circle. 
4. Inscribe a regular heptagon in a circle of 23” diameter. 
5. Construct a square having each diagonal 1” longer than a side. 
6. In a quadrilateral ABCD 
the side AB = 1” 
» v2. 
the angle BAD = 120°. 
The two remaining sides BC and CD are equal to each other, and the 
angle BCD, contained by them, is 60°. Construct the figure. : 


CAMBRIDGE EXAMINATION PAPERS, 1905 


PRELIMINARY. 
THURSDAY, DECEMBER 14, 1905. 10 TO I2 OR 10} TO 123. 
Geometry. 


Candidates can pass in Geometry by doing sufficiently well in Part 1, 
Figures should be drawn accurately with a hard pencil. In the constructions 
numbered 1, 2, 6, 7, 8, no explanations need be given ; but all lines required 
in the constructions must be shown clearly. 


FART I. 


1. Draw two straight lines through a point O including an angle of 
49° ; take a point P in one of them at a distance of 57 centimetres from O, 
and draw PM perpendicular to the other line. Measure the length of OM. 
[The set square must not be used in answering tbis question. ] 

2. Construct a triangle having its sides equal to 3°6”, 2°8”, and 1°3” 
respectively, and measure the greatest angle. 

3. What are the lengths of the edges of a rectangular box which will 
just hold two cylinders lying side by side, the length of each cylinder being 
6 inches and the radius of the ends 1” ? 

4, Prove that the angles at the base of an isosceles triangle are equal. 

5. If, in two triangles, the three sides of one are equal to the three 
sides of the other respectively, show that the triangles are equal in all 
respects. 

ABC is an isosceles triangle having AB = AC, and the exterior angles 
at B, C are bisected by lines meeting in D; prove that DA besects the 
angle BAC. 

6. Prove that the diagonals of a parallelogram bisect one another. 

Draw a parallelogram whose diagonals are of lengths 4°5 centimetres 
and 9*3 centimetres, and make with each other an angle of 62° ; also find 
the area of the parallelogram, 


PART II. 


7. Draw a circle of radius 0’9”; draw a line through the centre ; 
on it take two points each 2°3” from the centre, and draw the tangents 
from these points. What is the figure formed by the four tangents? 
Verify by suitable measurements. 

8. Draw a triangle ABC, in which AB = 5'2 centimetres, AC = 8°1 
centimetres, and the angle A = 41°. Describe a circle round the triangle 


and measure its radius, 
* 
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9. Show that equal chords of a circle are equally distant from the 
centre. 

A chord of a circle is of constant length, but its position changes ; a 
point is taken on it at a fixed distance from one of its ends. Prove that 
this point always lies on a fixed concentric circle. ; 

10. Show that the angle subtended by a diameter of a circle at any 
point of its circumference is a right angle. 

AD, BE, CF are the perpendiculars from the vertices of a triangle ABC 
upon its opposite sides ; show that the angles BAD, FEB, DEB, BCF 
are all equal. 


THURSDAY, DECEMBER 14, 1905. 3% TO 4} OR 42 TO 5. 
Geometrical Drawing. 
[Mathematical Instruments may be used.) 


[The solutions must be numbered to correspond with the problems, and 
the lines by which each problem is solved must be shown. The exercises 
are to be worked in pencil only, and marks will be awarded for neatness 
and precision of execution. } 


| 


Candidates will find it convenient to 
draw two straight lines, horizontal and 
vertical, dividing each sheet of paper into 
— four equal spaces, as shown in the diagram. 
. | A figure can be placed in each division. 

Two sheets of paper will be given to 
each candidate. 
| | 


1, Construct a triangle two of the sides of which are respectively 3)” 
and 2?” in length, the contained angle being 60°. Draw perpendiculars 
from each of the corners of the triangle to the opposite sides. 

2, Draw a square on a straight line 27” in length, and circumscribe it 
by a circle. 

3. Draw a circle of radius 13”, having its centre at O. Place within it 
a chord AB 23” in length. Construct at A an angle BAC equal to the 
angle BOA. 

4, Draw a plain scale of 1} to 1’ to show feet and inches, 4’ being the 
greatest distance shown. 

5. A, B, C, D, E, F are the corners of a regular hexagon, each side of 
which is 11 miles. Construct the hexagon to the scale of 1” to 10 miles, 
and measure the lengths of AC and AD to the nearest mile. 


[Zhe scale need not be drawn. ] 


6. Construct an equilateral triangle on a base of 2”. Circumscribe it 
by a circle, and inscribe a circle within it. 


[Zhis problem is to be a test of accurate drawing. | 
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CAMBRIDGE JUNIOR, 1905. 
FRIDAY, DECEMBER 15, 1905. 9 VO II§ OR Of TO 12. 
Geometry. ; 


Candidates can pass in Geometry by doing sufficiently well in the A part 
of this paper. Figures should be drawn accurately with a hard pencil, In 
questions 1, 2, 7, and 8, all lines required must be shown clearly. 


Answers to the questions marked A are to be fastened together in one 
bundle; those to the questions marked B in another bundle. 


es 


1. Draw a quadrilateral ABCD in which AB = CD = 7 centimetres, 
AD = BC = § centimetres, and the diagonal AC = 11 centimetres. 
Measure the angles, and use your results to verify the fact that the figure is 
a parallelogram. 

Prove also by geometrical reasoning that the figure is a parallelogram. 

2. Draw a triangle ABC in which AB = 3°6”, AC = 2°7", Z A= 53°. 
Find the two points P, Q, each of which is equidistant from B and C, and 


is also equidistant from BA and CA (produced if necessary). Measure the 


length of PQ. State exactly the various steps of your construction. 

3. Prove that if ABC, DEF are two triangles in which AB = DE, 
AC =DF, and ZA = ZD, then the triangles are equal-in every respect. 

In a triangle PQR the sides PQ, PR are equal ; any point X is taken 
in QR ; a point Y is taken in RP such that RY = QX, and Z is taken 
in PQ such that QZ= RX. Prove that if XY, XZ are joined, then 
mY = MZ. 

4. Prove that the common chord of two intersecting circles is bisected 
at right angles by the line joining the centres of the circles. 

Deduce (or prove in any way) that, if two circles touch externally, the 
line joining their centres passes through the point of contact and is 
perpendicular to the tangent at the point of contact. 

5. Prove that angles in the same segment of a circle are equal. 

ABC is any triangle, and AP, BQ, CR are perpendiculars to BC, CA, 
AB respectively. Show that PA bisects the angle QPR, 

6. Prove that parallelograms on the same base and of the same 
altitude contain equal areas. 

Draw a quadrilateral ABCD in which AB = 3'2”, BC = 3'4”, CD 
= 1°6’, DA =2’9’, AC = 3°8". Find the area of ABCD correctly to 
within one-tenth of a square inch, 


B. 


7. Draw a triangle in which AB =7 centimetres, BC = Io centi- 
metres, CA = 8 centimetres ; with centre A and with radius 3 centimetres, 
draw a circle touching the given circle externa/ly and also touching BC at 
C. State exactly the various steps of your construction, and prove its 
correctness, 

8. Draw a triangle ABC in which AB = 4 centimetres, AC = 5 centi- 
metres, ZA = 65°; and construct a square DEFG such that its vertices 
D, E lie on BC, F on CA, and Gon AB, State exactly the various steps 
of your construction. 

9. Prove that if two triangles are equiangular, then their corresponding 
sides are proportional, 


s 
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A spherical ball of radius 5” rests on a table; find the height of the 
smallest hollow cone, the diameter of whose base is 15”, which when 
placed on the table will cover the ball. 

10. Prove that if ABCD is a quadrilateral inscribed in a circle, then 

AB.CD + BC.DA=AC.BD. 

KLMN is a parallelogram, and the circle through KLM cuts KN at P. 
Prove that the difference between the squares on KL and KM is equal to 
the rectangle KN. KP. 

11. Prove that the straight lines drawn from the vertices of a triangle 
perpendicular to the opposite sides are concurrent. 


FRIDAY, DECEMBER 15, 1905. 63 TO 73. 


Geometrical Drawing. 
[Mathematical instruments may be used. ] 


[Zhe solutions must be numbered to correspond with the problems, and the 
lines by which each problem is solved must be shown. The words “ pro- 
tractor,” or “set square,” must be written against those problems for which 
these instruments have been used, Marks are awarded for precision of 
drawing. | 
| 
) / | Candidates will find it convenient to 
) draw two straight lines, horizontal and 

vertical, dividing each sheet of paper into 
four equal spaces, as shown in the diagram. 

| _ A figure can be placed in each division. 

) Two sheets of paper will be given to 


each candidate. 


1, Find by geometrical construction a third proportional to 2” and 2)”. 
On this third proportional describe a triangle, the other sides of which are 
respectively 2” and 2}” in length. Measure and write down the number 
of degrees in the greatest angle of the triangle. 

2. Describe a rhombus, the longer diagonal of which is 4”, and whose 
acute angles are each 45°. Find a point P, within the figure at a distance 
of 1}” from each of two of the corners, Measure and write down the 
distances of P from the other two corners of the rhombus, 

3. Describe a regular hexagon on a base of 1”. Construct a second 
hexagon concentric with and having its sides parallel to those of the first, 
such that the distance between two of its opposite sides is 23”. 

4. Draw a straight line of length 4)’, to represent 40 miles. Con- 
struct on this line a plain scale showing single miles, to measure up to 
40 miles, 

On a map two places B and C are found to be respectively 25 miles and 
30 miles from A, and the angle BAC = 40°. By use of the scale find the 
distance from B to C, to the nearest mile. 

5. Drawa horizontal straight line AB, 4” in length. Mark upon it two 
points, S and H, so that AS = BH = 1”, 

Draw an ellipse having S and H for its foci and AB for its major axis. 


[Only one quarter of the curve need be drawn.) 
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6. Describe an equilateral triangle ABC, the side of which is 1°5” long. 
Find D, E, F, the middle points of BC, CA, AB. With centres 
A, B, C respectively, draw circular ares, with radii AF, BD, CE, to form 
: trefoil external to the triangle ABC. Draw a circle to circumscribe the 
gure. 


[This problem is to be a test of accurate drawing. | 


CAMBRIDGE SENIOR, 1905. 
FribDay, DECEMBER I5, 1905. 9 TO 11 OR Of TO 11}. 
Geometry. 


N.B.—Ad construction lines should be clearly shown. Attention ts 
called to the alternative questions A, B, C, D at the end of the paper. 


1. Construct carefully, without using your set square or protractor, an 
isosceles right-angled triangle whose hypotenuse is 6 centimetres long. 

On the hypotenuse of the triangle and on the same side of it as the 
opposite vertex describe a square. Use the figure to prove that the square 
on the hypotenuse is twice the square on either of the sides. 

2. Describe a triangle the lengths of whose sides are 8 centimetres and 
5 centimetres, and whose base is Io centimetres in length. (i) Measure its 
angles with your protractor, (ii) measure its altitude, and (iii) calculate the 
area of the triangle, as accurately as your measurements permit. 

State whether the triangle is acute or obtuse, and explain how you 
might have determined this without drawing the figure. 

3. Determine (i) by geometrical construction and measurement, (ii) by 
arithmetic, the length of the fourth proportional to the lines whose lengths, 
in order, are 8 centimetres, 5 centimetres, and 10 centimetres, respectively. 

4. Prove that the diagonals of a parallelogram bisect one another. 

Criticize the following proof of the theorem that the diagonals AC, BD 
of a rhombus ABCD bisect one another at their point of intersection O: 
** Tn the triangles AOB, BCO we have AB equal to BC, and therefore the 
angle BAO is equal to the angle BCO, also BO is common to the triangles 
AOB, BCO, therefore the bases AO and OC are equal.” 

5. Given a circle whose centre is O, and an external point T, explain 
how the tangents from T to the circle can be constructed, and prove the 
correctness of your construction. 

If the distance of T from O be twice the radius, find the angle between 
the tangents. 

6. AOB, COD are two intersecting chords of a circle. State and prove 
the theorem which enables us to find the length of any one of the four 
segments AO, OB, CO, OD, when the lengths of the remaining three are 
known. 

AB isa chord of a circle, and O is its middle point. C is one of the 
points in which the perpendicular through O to AB meets the circle. If 
the lengths of AB and OC are two feet and six inches respectively, find the 
radius of the circle, 

7. Prove that the internal bisector of an angle of a triangle divides the 
opposite side internally in the ratio of the sides containing the angle, and 
likewise the external bisector externally. 

Find the locus of a point which moves in such a way that its distances 
from two fixed points are in a given ratio. 
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8. What is meant by the angle between a straight line and a plane? 

Two straight lines are given not lying in the same plane. Show how 
to draw a straight line which shall meet each of them at right angles. 

9. Four equal spheres, each two inches in diameter, rest in contact with 
one another on a horizontal plane in such a way that their centres are the 
comers of a square, and a fifth equal sphere rests symmetrically on the 
four others. Find the distance from the plane of the centre of this last 
sphere, 

f N.B.—One or more of the following questions A, B, C, D may be taken 
instead of an equal number of questions 1-9, but lower marks will usually be 
assigned to them. 

A. Prove that triangles on equal bases having the same altitude are 
equal in area. 

Prove that if ABC is an equilateral triangle and O is the centre of its 
circum-circle, then the equilateral triangle described on any of the lines 
OA, OB, OC as base has an area equal to one-third of that of the triangle 
ABC, 

B. Prove that the sum of the angles of a triangle is equal to two right 
angles. 

Show that in an isosceles triangle the base is greater or less than either 
of the equal sides according as the vertical angle is greater or less than 60°. 

C. Find the locus of points whose distances from two given points are 
equal. 

Discuss the problem of finding a point on a given circle whose 
distances from two given points are equal. 

D, Prove that angles in the same segment of a circle are equal to one 
another, 


THURSDAY, DECEMBER 13, 1906. 10 TO 12 OR 10} TO 12}. 


Geometry, 


Candidates can pass in Geometry by doing sufficiently well in Part J. 
Figures should be drawn accurately with a hard pencil. In the constructions 
numbered 1, 2, 6, 7, 8, no explanations need be given ; but all lines required 
in the constructions must be shown clearly. 


ParT I. 


1. Draw a straight line AB, 2°5” long; also a straight line BC, 1°4” 
long, perpendicular to AB, Measure the angle BAC, [The set square 
must not be used. ] 

2. In the triangle ABC, AB = 6°5 centimetres, AC = 9°7 centimetres, 
and the angle A = 55°. Measure BC, and the angle B. 

8. How many cubes with an edge of 3” can be made out of a cube with 
an edge of 12’? 

4. If two angles of a triangle are equal, prove that the triangle is 
isosceles, 

PQR is an isosceles triangle in which the angles PQR, PRQ are equal. 
These equal angles are bisected by the straight lines QO, RO which meet 
at O. Show that the triangle OQR is isosceles. 

5. In the triangles ABC, DEF the side BC is equal to the side EF ; 
also the angles at B, C are equal to the angles at E, F respectively. 
Show that the triangles are equal to each other in all respects, 
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Straight lines AD, AE meet the base BC of a triangle ABC at D, E, 
and the angle BAD is equal to the angle CAE. If AD is equal to AR, 
prove that the triangle ABC is isosceles. 

6. Show that parallelograms on the same base and between the same 
parallels are equal in area. 

Draw a rectangle whose diagonals are each 9 centimetres long and 
make with each other an angle of 30°. Find its area, and show that it is 
half that of a square whose diagonal is 9 centimetres. 


ParT II. 


7. Measure, along a straight line OAB, lengths OA, OB of 7°5 and 9 
centimetres respectively. With A and B as centres draw circles whose 
radii are 2°5 and 5 centimetres respectively. Draw from O a tangent to 
the smaller circle. Measure this tangent, and the length of the chord 
which the greater circle cuts off the tangent when produced. 

8. Construct a triangle whose sides are respectively 8°5, 6°8, and 9°4 
centimetres. Inscribe a circle in it and measure the radius of the circle. 

9. If the square described on one side ofa triangle is equal in area to 
the sum of the squares described on the other two sides, show that these 
two sides are at right angles to each other. 

From one angle of an equilateral triangle a perpendicular is drawn 
upon the opposite side. Show that the square described on this per- 
pendicular is equal to three-fourths of the square described on a side of the 
equilateral triangle. 

10. Prove that the opposite angles of any quadrilateral figure inscribed 
in a circle are together equal to two right angles. 

The straight line BE, which bisects the angle at B of a quadrilateral 
ABCD inscribed in a circle, meets the circle at E, and AD is a diameter 
of the circle. The side CD is produced through D to F, Show that DE 
bisects the angle ADF. 


Geometrical Drawing. 
THURSDAY, DECEMBER 13, 1906. 3? TO 44 OR 4} TO 5. 


[Mathematical Instruments may be used. 

[ The solutions must be numbered to correspond with the problems, and the 
lines by which each problem 7s solved must be shown. The exercises are to be 
worked in pencil only, and the marks will be awarded for neatness of 
execution.| 


Candidates will find it convenient to 
* draw two straight lines, horizontal and 
vertical, dividing each sheet of paper into 
four equal spaces, as shown in the diagram. - _- ; — 
A figure can be placed in each division. 

Two sheets of paper will be given to 
each candidate. | 


1. On opposite sides of the straight line AC construct tnangles ABC and 
ADC, where AB = 1”, BC = 23”, CD = 3”, DA = 13”, and the diagonal 
AC = 3”. Draw a Circle within the figure ABCD to touch each of the 
sides AB, BC, CD. 
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2. Construct a right-angled triangle, the hypotenuse of which is to be 4” 
in length, and one of the remaining sides 2}'’. Measure the length of the 
third side. } 

3. ‘Construct an equilateral triangle ABC on a base BC, 3” in length. 
From A draw AD perpendicular to BC, and produce AD to E so that 
AE = 3”. Join EB. Measure the nnmber of degrees in the angle ABE. 

4. Draw a plain scale of 1}’’ to 1’ to show feet and inches, 3’ being the 
greatest distance shown. 

5. Draw astraight line BD to represent 20’ to the scale of 8’ to 1”. 
On opposite sides of BD describe triangles ABD and CDB sothat AB = 
CD = 13’and BC = DA = 12’ to the same scale. 

Measure the length of AC to the nearest foot. 

[ The scale need not be drawn.) 

6. Draw two straight lines AOC, BOD to cut one another at right 

angles at the point O. Take OA = OC = #”. 


With centre A and distance 1} make arcs to cut BOD in B and D.. 


With centres A, B, C, D describe four equal circles, each circle to touch at 
least two of the others, 


[ Zhis problem is to bea test of accurate drawing.) 


CAMBRIDGE JUNIOR, 1906. 
FRIDAY, DECEMBER 14, 1906. 9 TO II} OR 9} TO 12. 
Geometry. 


Candidates can pass in Geometry by doing sufficiently well in the A part 
of this paper. Figures should be drawn accurately with a hard pencil. 
dn questions 2, 5, 7, and 8, all lines required must be shown clearly. 

Answers to the questions marked A are to be fastened together in one 
bundle ; those to the questions marked B in another bundle. 


A; 

1, Prove that the exterior angle of a triangle is equal to the sum of the 
two interior opposite angles. 

ABC is a triangle having the side BC produced to D, and the exterior 
angle ACD is double of the interior opposite angle ABC. Prove that 
ABC is isosceles. 

2. AB and CD are two straight lines of unequal lengths, which inter- 
sect at O, and AO = OB, CO= OD. Join AC and BD, and prove that 
AC is parallel to BD. 

Make an angle AOB of 54° and find a point P, within the angle, 
4 centimetres distant from OA and 3 centimetres from OB. Then draw a 
straight line QR, passing through P and terminated by OA and OB, such 
that QR is bisected at P. Prove the correctness of your construction by 
geometrical reasoning, and measure QR. 

3. ABC is a triangle having the angle BAC a right angle. Prove that 
the square described on BC is equal to the sum of the square described on 
AB and AC, ~ 

A kite at P, flown by a boy at Q, is vertically over a point R on the 
ground, which forms a horizontal plane in which Q also lies. If PQ=505' 
and QR = 456’, calculate the height of the kite above the ground. 

4. Prove that the line joining the centre of a circle to the middle point 
of any chord of the circle is perpendicular to the chord, 

A chord of a given circle varies its direction while continuing to pass 
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through a given point. Prove that the locus of the middle point of the 
chord is a circle. 

5. Draw a triangle ABC having AB = 5°1”. BC = 3°8”, CA = 43”. 
Then describe the inscribed and circumscribed circles. Measure the angle 
between the lines joining A to the centres of the two circles. 


B. 


6. Illustrate and explain by means of a figure the geometrical theorem 
corresponding to the identity, — 


a’ — # =(a+ d\(a — 4). 


If E is the middle point of the side BC of a triangle ABC and AD is 
drawn perpendicular to BC meeting BC or BC produced in D, prove that 
the difference of the squares on AB, AC is equal to twice the rectangle 
contained by BC, DE. 

7. Inscribe a regular hexagon in a circle of 3” radius. 

If A, B, C, D are four consecutive vertices of the hexagon so drawn, 
find, without using a protractor, the magnitude of the acute angle between 
the chords AC and BD. Show clearly how you arrive at your answer. 

8. Make an angle of 64°. On one arm of the angle take two points 
distant respectively 1’”’ and 3” from the apex, and through them draw the 
circle which touches the other arm of the angle. Measure the radius of 
the circle so drawn. 

9. Prove that any line drawn parallel to one side of a triangle divides 
the other two sides, or those sides produced, proportionally. 

ABCD is a quadrilateral with diagonals AC, BD. Through O, any 
point on AB, OP is drawn parallel to BD meeting AD in P, and OQ is 
drawn parallel to BC meeting AC in Q. Prove that if PQ is joined, PQ is 
parallel to CD. 

10. Prove that the areas of similar triangles are in the duplicate ratio 
of the corresponding sides. 

Each of the three sides of a triangle is trisected. Three lines are drawn, 
each joining two points of asection nearest an angle. These lines together 
with the middle segments of the sides form a hexagon ; find the ratio of its 
area to the area of the triangle. 


FRIDAY, DECEMBER 14, 1906. 6} TO 7}. 
Geometrical Drawing. 


[ Mathematical instruments may be used.) 

[ Zhe solutions must be numbered to correspond with the problems, and the 
lines by which each problem is solved must be shown. The words “ protractor,” 
or ‘* set square,” must be written against those problems for which these 
instruments have been used. Marks are awarded for precision of drawing.| 


| | | 
Candidates will find it convenient to 


draw two straight lines, horizontal and 

vertical, dividing each sheet of paper into | 
/ 
| 


four equal spaces, as shown in the diagram. 
A figure can be placed in each division, 

‘Iwo sheets of paper will be given to 
each candidate. 
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1. Find a mean proportional between 1°95” and 2°4”. On this mean pro- 
portional as base describe a triangle, the vertical angle of which is 60° and 
one of the remaining sides 1°8”. Measure the length of the remaining side 
of the triangle. 

2. From a point A draw two straight lines AB, AE including an angle 
of 40°. These represent two straight roads meeting at A. Distances are 
measured at 10 furlongs to the inch. [A scale need not be drawn.] Take 
AB = 29} furlongs. Find two points C and D in AE each 20 furlongs 
from B, Find the number of furlongs in AC and AD, and the number of 
degrees in the angles ACB and ADB. 

3. Construct a right-angled triangle, the sides including the right angle 
being respectively 14’ and 2}. Describe a circle on the straight line 
joining the right angle to the middle point of the opposite side as diameter, 
and another circle to touch the least side of the right-angled triangle and 
its other two sides produced. 

4. Draw a straight line of length 4}, to represent 7 kilometres. Con- 
struct on this line a plain scale showing kilometres and fifth parts of kilo- 
metres to measure up to 7 kilometres. 

Draw a straight line 0°98 of an inch in length. If it be given that this 
line represents one mile, calculate the representative fraction, and use your 
scale to find the equivalent of one mile expressed in kilometres to the nearest 
fifth part of a kilometre. 

5. Describe a regular pentagon about a circle the diameter of which is 
2°87". Circumscribe the pentagon by a circle. 

6. Describe a circle of radius 1}. Divide this circle into three equal 
sectors. Within each of these sectors inscribe a circle. 


[Zhis problem is to be a test of accurate drawing. | 


CAMBRIDGE SENIOR, 1906. 
FRIDAY, DECEMBER I4, 9 TO II OR 9} TO It}. 
Geometry. 


N.B.—A// construction lines should be clearly shown. Attention is called 
to the alternative questions A, b, C, D at the end of the paper. 

1, Prove that two triangles, which have two sides of the one equal to 
two sides of the other, each to each, and also the angles contained by those 
sides equal, are congruent. 

Two triangles ABC, DEF have the sides AB, AC equal to DE, DF 
respectively, and the angle ABC equal to the angle DEF. Investigate in 
each of the following three cases whether the triangles are necessarily con- 
gruent or not: (i) when AC is less than AB ; (ii) when AC is greater 
than AB ; (iii) when ACB is a right angle. 

2. Construct a quadrilateral ABCD having each of the sides AB, BC, 
CD equal to 4 centimetres, and each of the angles BAD, CDA equal 
to 70°. 

a BD intersect at O, give a theoretical proof that BO is equal 
to CO. 

8. Find the locus of a point which is equidistant from two intersecting 
straight lines ; and make use of your result to find the centres of all the 
circles which touch the three sides of a given triangle. 

4. Prove that chords of a circle which are equidistant from the centre 
are equal to one another, 

Show how to draw chords of a given circle which are of given length, 
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and pass through a given point; and state within what limits the given 
length must lie for the construction to be possible (i) when the given point 
is within, and (ii) when it is without, the given circle. 

5. Show how to find by a geometrical construction a mean proportional 
between two given straight lines. 

Make the construction for lines whose lengths are 1°5 and 2'5” respec- 
tively, and by measuring the length of the mean proportional determine as 
accurately as you can the value of »/15. 

6. Construct a regular hexagon about a circle whose radius is 5 centi- 
metres. Measure the length of a side of this hexagon, and hence calculate 
its area. 

7. If two triangles have an angle of the one equal to an angle of the 
other, and the sides about those equal angles proportional, prove that the 
triangles are similar. 

A straight line OPAQ is drawn through the centre O of a circle, cutting 
the circumference in A, and the rectangle OP . OQ is equal to the square on 
OA. Prove that, if R is any point on the circumference of the circle, RA 
bisects the angle PRQ. 

8. If three planes intersect each other in pairs, prove that their common 
sections either meet in one point or are parallel to one another. 

Show how to draw a straight line parallel to a given straight line so as 
to intersect each of two other given straight lines which are not in the same 
plane. 

9. On any chord OP of a given sphere, through a fixed point O on its 
surface, a point Q is taken so that the rectangle OP, OQ is equal to the 
square on the radius of the sphere. Prove that the locus of Q is a plane 
which bisects that radius of the sphere which passes through O. 

N.B.—One or more of the following questions A, B, C, D may be taken 
instead of an equal number of the questions 6—9, but lower marks will be 
assigned to them. 

A. Prove that a triangle which has two equal angles is isosceles. 

In a quadrilateral ABCD the side AB is equal to the side CD, and the 
angle ABC to the angle BCD. Prove that the angle BAD is equal to the 
angle ADC. 

B. Construct a triangle having its three angles in arithmetical pro- 
gression, and its longest and shortest sides equal to 3” and 2” respectively. 
Measure its angles with your protractor, and state their values. 

C. If two circles touch one another internally, show that the straight 
line which joins their centres will pass through the point of contact. 

D. Prove that the opposite angles of a cyclic quadrilateral are 
supplementary. ( 

Prove also, conversely, that, if the opposite angles of a quadrilateral 
are supplementary, a circle can be described about the quadrilateral. 


THE END 
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